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In this study the neoclassical consumer behavior theory and
its relation to empirical research in demand are presented in a
unified framework. The goal is to make a contribution towards
“bridging the gap” between empirical and theoretical demand
analysis by generalizing and specializing the theory and extend-
ing its applicability to estimation of demand parameters.

The neoclassical theory of consumer behavior and its extension
to separable utility functions are treated first. Consumer budgeting
as a behavioral justification for separability is then investigated
and the concept of stagewise utility maximization is explored in
the context of the above neoclassical theory.

Based on this framework, estimation procedures for demand
parameters are devised which greatly reduce the amount of em-
pirical information needed to obtain results. An empirical exam-
ple is provided as an illustration of these procedures.
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Jurg Bieri and Alain de Janvry

EMPIRICAL ANALYSIS OF DEMAND
UNDER CONSUMER BUDGETING

I. INTRODUCTION AND SUMMARY

DETAILED KNOWLEDGE of the magnitude of price and income elasticities of con
sumer demand is essential for decision-making in both free and planned market
economies. In spite of their importance, few elasticities have been estimated in the
context of complete systems of demand equations deriving consistently from utility
theory. This deficiency results from a prevalent ““gap between theory and empirical
analysis” (Houthakker, 1960a) of consumer behavior. This gap arises from the faet
that the neo-classical theory provides an insufficient basis for empirical analysis be-
cause of the weakness of its restriction on behavior and that the factual confronta-
tion of its postulates or of its derived hypotheses is a near impossibility as diseussed
by Clarkson (1963) and Mishan (1961).2 As a result, many econometricians, de-
sirous to evaluate the demand for consumer goods, start their analyses by deciding
that “... it would, therefore, be a mistake to impose the a prior: eonsiderations of
this theory on the assumptions of our statistical analysis” (Cramer, 1962, p. 1).
The same difficulty is found in many fields of economic analysis. Samuelson (1947,
pp. 3 and 4) noted that *. .. only the smallest fraction of economic writings, theo-
retical and applied, has been concerned with the derivation of operationally mean-
ingful theorems,” where ‘“by meaningful theorem, I mean simply a hypothesis
about empirical data which could conceivably be refuted, if only under ideal
conditions.”

Three distinet but complementary courses of action can be followed to cope with
this gap between theory and empiricism, which is essentially a problem of degrees
of freedom (de Janvry and Bieri, 1969). First, the theory of eonsumer behavior can
be modified, both by specializing it through further specification of the structural
model and by generalizing it through broadening the context of application of the
model to allow for intertemporal and interpersonal comparisons (Houthakker,
1960a; Papandreou, 1958). These extensions of theory aim at providing systems of
demand equations which are adequate for statistical estimation. Secondly, the data
base can be extended, both in the temporal and eross-sectional dimensions, for ex-
ample, through consumer panel surveys. Thirdly, statisiical methods can be im-
proved to deal with specification errors in linear models, particularly multicolli-

1 Submitted for publication May, 1972.
2 See, nevertheless, the tests of Koo (1963) and Dobell (1965) on the consistency of con~
sumer choices using revealed preferences and of Barten (1967) on the symmetry of the Slutsky

substitution terms matrix. Both tests only provide weak evidence because the ideal conditions
of the model are not met in the data.

[31



4 Bieri and de Janvry : Empirical Analysis of Demand

nearity and serial correlation, and with nonlinear estimation. In the present study
all three approaches are followed, but main emphasis is given to theoretical ex-
tensions.

The additional behavioral assumption of stepwise decision-making resulting
from the budgeting of consumer expenditures ¢ la Strotz (1959, 1957) and Gorman
(1959) is imposed on the neoclassical model. The objective of the present study is to
render this extended model amenable to measurement and, in this fashion, of con-
tributing toward a methodology for bridging the gap between theory and empirical
analysis of demand.

In section IT a synthesis of the neoclassical theory of consumer behavior is pre-
sented for the purpose of deriving the restrictions it imposes on the parameters of
demand equations. The definitions of different types of separability are given in
section IT1 in terms of the restrictions they impose on the utility function as well as
on the price elasticities. Section IV reviews previous applications of the separability
assumption to empirical analysis. Four categories of utilizations are distinguished.
The first consists of imposing the separability hypothesis directly on the utility
function, the second and third of introducing the restrictions implied by separa-
bility in the demand functions or their total differentials, and the fourth of using
the relationships among demand parameters implied by separability to derive addi~
tional parameters from a set of known ones.

The implications of the budgeting hypothesis on the estimationof systems of
demand equations are investigated in section V. Budgeting implies a stepwise
maximization of a separable utility function according to which income is allocated
first to budget categories, and then the optimal levels of commodity demand within
each group are determined. Under reasonable assurmptions about the stochastiza-
tion of the first-stage expenditure funetions and the second-stage demand functions,
the latter can be estimated independently because the system as a whole is then
recursive. By contrast to the demand functions obtained from the neoclassical
model, each second-stage demand function contains only as many parameters as
there are items in the budget category, plus one for the group expenditure variable.
As a result, the time series data requirements are limited to prices of items in the
budget category and to group expenditure. For this budgeting procedure to be
efficient in simplifying the consumer’s decision process without loss of utility, price
indexes, at least in differential form, need exist. In section VI the existence of local
indexes under strong separability is proven, and their functional form is given. A
similar derivation shows that, under weak separability, a whole matrix, rather than
a vector, of local price indexes is now required.

The relationships between second-stage and two-stage (overall) income and price
slopes are established in section VIII under strong separability. The factors needed
to correct the second-stage slopes are functions of elements which are either directly
observable or estimable from cross-section information, except for one parameter
which is proportional to the marginal utility of income. An estimation procedure for
this parameter, based on cross-section data at two points in time, is made explicit.

In the next section it is shown that global group price indexes exist if the utility
function is separable into homogeneous subfunctions or if Hicks’ theorem on com-
posite goods holds (Hicks, 1939). After deriving the functional form of these price
indexes and the corresponding quantity indexes, the expenditure functions, as well
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as the second-stage and two-stage income and price slopes; are obtained under
perfect aggregation. Although short-run forecasts of group expenditures ean be
obtained under local aggregation using the total differential of the expenditure
functions, long-run forecasts require the existence of global allocation functions.
Because of the stringent conditions for their existence, a compromise is suggested
in seetion IX. Global functions are used to predict group expenditure, but second-
stage demand functions are then estimated under strong separability only. The re-
sulting specification error is analyzed.

Because of the need of having demand equations, which are easily amenable to
statistical estimation and are derived from a nonseparable utility function for the
measurement of second-stage demand parameters, the quadratic utility function is
considered in section X. After presenting the properties of this function, two
methods for estimating the demand parameters are developed. The first is based on
an orthogonal regression technique and the second on z linearization of the demand
equations.

Direct tests or empirical determination of partitions are possible and provide an
empirical foundation for the hypothesis of separability. Several methods are pro-
posed in section X1 for testing or finding budgeting categories. These procedures are
based on eross-sections at one or two points in time or on previous estimates of price
and income elasticities. Partial empirical evidence tends to confirm the separability
between the food and nonfood items, also the existence of some groupings within the
food category.

The flexibility of money is a key variable in the estimation of demand parame-
ters with consumer budgeting because it enters intc the equations establishing a
correspondence between second-stage and two-stage elasticities. It constitutes, in
addition, a practical although restrictive cardinal indicator of welfare because it is a
transformation of the marginal utility of income (Goldberger, 1967b). A number of
values of the flexibility of money, obtained from the literature, are related fune-
tionally to income and prices. Predictions based on an empirical fit of this function
can then be calculated.

The methodology for the empirical analysis of demand under consumer budgeting
developed in this study is illustrated in the last two sections with Argentine data.
Expenditure functions are estimated in section XIII. They permit the determina-
tion of changes in group expenditures due to percentage changes in the price of
individual items and in income. In section X1V, second-stage demand elasticities
are measured and transformed into two-stage elasticities.

II. NEOCLASSICAL DEMAND THEORY

Let U (¢, ..., gr; oy -, ar) be an individual consumer’s intertemporal utility
function, assumed to be at least twice differentiable, where ¢i = (qu ... ¢n) is an
n~-dimensional vector of quantities demanded in period ¢, «; is a vector of parame-
ters, and T is the consumer’s planning horizon.® Under the assumption of “weak
time perspective,” which implies some restrictions on the complementarity between
consumption in the different time periods, Koopmans, Diamond, and Williamson

3 A glossary of symbols is given on page 55.
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(1964) have shown that the intertemporal utility function U can be rewritten in the
separable form
V[“(Ql, al)) Ul(q2: ERRE /S T OlT)]

where V is continuous and inereasing in % and U,-u is the instantaneous utility,
while U, is the aggregate utility function of the consumption program that starts
with the second period, evaluated as if it were to start imamediately. The consumer

T
is assumed to maximize V, subject to a budget constraint > piq: = ¥, where Y is
fusl

the present value of the stream of disposable income and p. the vector of discounted
prices in period ¢. He will follow in this fashion a “naive optimum path” (Blackorby,
1968) where the optimum intertemporal allocation of expenditures is determined
through a new maximization at each point in time.* ‘
Let us assume that the consumer has been able to allocate his income over present
and future consumption programs—a decision process we shall make explicit later.®
If m is the income allocated to the first period, the problem then reduces to the
maximization of the instantaneous utility under the constraint that p’g = m (for
simplicity, the time indexes are henceforth omitted). The objective function is,
hence, to maximize, with respect to g and A,

u(g, @) — NMp'g —m) (1

where N is a Lagrange multiplier. The first-order conditions for a maximum of *

utility are:

Ulg, @) —Ap =0 (2)
pg—m=0°
where u,(g, @) is an n-coordinate vector of marginal utilities, @%g;{__a) rt=1,...,7%
The second-order conditions are:
Hyw —po
(—1) >0foralli=1,...,n 3)

3 1Y 0

where H s is the principal minor of order ¢ of the symmetric Hessian matrix H
with characteristic element 3%(g, 0)/8g:0¢;(¢,7 = 1,...,n)" and where pg is the

4 This decision strategy is of an “open loop’’ nature and is thus generally suboptimal for a
multiperiod optimization.

§ A similar procedure to the budgeting described in section IX for allocating income to
groups within a single period can also be used to distribute the present value of the stream of
all future disposable income between instantaneous and future consumption programs.

6 A more general formulation would be obtained in a nonlinear programming framework
with p’'q¢ — m £ 0, ¢ 2 0. This latter formulation properly characterizes the corner solutions
while the neoclassical formulation used does not.

7 Throughout the text when characterizing elements of matrices, the first index refers to
rows and the second to columns.
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corresponding vector of 7 elements of p. When 7 = n, the matrix H bordered by
price vectors, as in equation (3), is the “bordered Hessian matrix.” Equations (2)
and (3) constitute the structural form of the model.

If we let the parameters « be functions of a set of s exogenous variables ¢ that
characterize the consumer (his social, familial, and individual characteristics—in
particular, his habits), the reduced form of the model is:

7= q(p, m, 2) 4
A = \(p, m, 2).

The first » equations are the demand equations which span an (n — 1) dimensional
space since any nth quantity can be obtained from the {n — 1) others through the
budget constraint.

- To derive the restrictions implied by the model on the parameters of the demand
functions, we take the total differential of the system of reduced-form equations:

. i
[d Q] [Q Im Qz} .
d\ Ao Ao N
dz ‘ '

where

) = an n X n matrix of Cournot price slopes d¢;/9p;
g = an n-coordinate vector of income slopes dq./om
Q. = an n X s matrix of elements 3¢;/9z;

A\, = an n-coordinate vector of elements d7/op;

Am = GA[Om

and

A: = an s-coordinate vector of elements dn/dz:.

Taking similarly the total differential of the system of first-order conditions, we get

dp

[: H »p] [:dg]=[:}dn 0 —-u.,,-J am | ()
-y 0 A g ~1 1 |

dz

where %, is an n X s matrix of elements du;/dz;, and I, is an identity matrix of size x.
This system can be solved for dg and dX since the inverse of the bordered Hesstan
exists according to (3). Equating the expressions obtained for dg and d\ in the
systems of equations (5) and (6), we get the “fundamental equations” (Theil,
1965; Barten, 1964) :
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Q Im Q. H -—p R n 0 —u,
- (1)
bW Am N Lo o1 Ld -1 0 _
or
@ ¢ @] [B ] [\ 0 —u.]
- ®)
R An M4 LY b, 4 Lg ~1 o
where we defined
= )]

- 0 ¥ b 0 1

The fundamental equations (8) and (9) imply the following restrictions on de-
mand parameters. From the system (8), we obtain:
(a) The Slutsky decomposition of the price slopes

Q=B +bg’ (10)

where AB is the matrix of Slutsky substitution terms Ab;(4,j = 1, ..., n) and bq' is
the matrix of income effects big;(¢, 7 = 1, ..., n). The second-order conditions and
the symmetry of the Hessian matrix imply that B is symmetric, negative semi-
definite.? All the ecross-price substitution effects are, hence, symmetrical, \b; =
Mup(t#j=1...,n), and the own-price substitution effects Abu(1=1,...,n)
are negative or zero.

(b) Two definitions

= —bor X% _ i
G = boram— bi=1,...,n an
and
Am=_'bp~ (12)

(e¢) The decomposition of the price slope of the marginsl utility of income
{d) The Tintner-Ichimura equations (Basmann, 1956, p. 51)

Qz = -“Buqz-

31f D is the determinant of the bordered Hessian matrix, D;; the cofactor of its (¢, j)th
element, and D;, of its (Z, » + 1)st element, the Slutsky decomposition of price slopes is:
9 _ Dy | Dio
;- D T
Symmetry of H implies that Dy; = Dy and, hence, that AB is symmetric. The second-order
conditions imply that D;; and D are of opposite signs and, hence, that all the diagonal elements
of AB are negative or zero since M is always nonnegative.
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Using (10) and (11), we can rewrite the Slutsky decomposition as:

9%

8q: . .
apj=>\b;,--q,-3§zz,3=l,...,n (14)

or denoting the Cournot price elasticity by E;; and the income elasticity by 1,

s * N
Ey; = by % — wms = By — wpm: (15)

where by definition E,-j is the Slutsky price elasticity and w; = p;g;/m is the budget

share of commodity j. The symmetry of the Slutsky substitution terms implies the
n(n — 1)/2 restrictions

W; . .
Ey; =;v‘i:Eji+w)‘(ﬂj—7];‘)2 #i=1,...,n (16)

The Stutsky substitution terms can be interpreted as price slopes where a change,
dp, in prices is aceompanied by a compensating income change such that the utility
level is maintained, that is, du = 0. It is seen as follows:

0 = du = uldg (total differential of the utility function)
= Ap'dq (from the first-order conditions (2))
= Nq'dp — dm) (from the total differential of the budget constraint as in (6));

henee, sinee in general A # 0,
dm = ¢'dp.

The total differential of the demand equations, using the Slutsky decomposition, is:
dg = ABdp + bg'dp — bdm.
The condition du = 0 thus implies that they reduce to:
dq = A\Bdp.
Hence, AB is the matrix of constant utility price slopes or “Slutsky price slopes”
and ¢'dp the necessary income compensation.

From the system (9), we obtain:
{a) The Engel equation:

—p'b =1 or Zp@%% =] or Zwm,- = 1, . (17)
(b) and the n restrictions

—Bp = 0. (18)

8 Holding the z variables constant.
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Premultiplying (10) by p and using equations (17) and (18), we get the Cournot
aggregation equation

oq; .
pPQ=—¢ or Zp@%=-qj or wlly=—w j=1,...,n  (19)
b il Z

An alternative form of the éame restriction is obtained by postmultiplying (10)
by p which gives

Qp =bm or ;%pj=—%m or ]ZEij=“?i t=1,...,n (20)
Further properties of the demand functions are their uniqueness and their homo-
geneity of degree zero in prices and income. The first property derives from the
differentability of the utility function and the nonvanishing Jacobian of the trans-
formation (implied by the second-order conditions) which guaraniee a unique solu-
tion to the system of structural equations. The second property derives from the
budget constraint which is homogeneous of degree zero in p and m.

Applying Euler’s theorem to the demand equations provides a set of n restrie-
tions on the demand parameters, known as the Euler aggregation equations:

B 9¢:; | 9
Qp + gum =0 or Jz_apjp,—{—amm~0 or

21)
ZEij+ﬂi=0 i=1,..,,n.
k

But these restrictions are not independent of the Slutsky and Cournot aggregation
equations since they can be derived from (10), (17), and (18) and are identical
to (20).

Making an account of the number of independent restrictions among demand
parameters, the properties of the matrix of Slutsky substitution terms imply
n? -+ n

2
and n negativity restrictions on the diagonal terms); the Engel aggregation equation
implies one restriction; and either the Cournot aggregation, the Euler aggregation,
or, equations (18) imply another » restrictions.

1Using equations {2) and (17),

restrictions (3n(n — 1) symmetry restrictions on the off-diagonal terms

du

g —ub = —~Ap'b = A

Hence, A is the marginal utility of income. The elasticity of A with respect to in-
come has been called by Frisch (1959) the “money flexibility,” & = Awm/\. Being a
function of A, & is a function of prices and income.

Sinece, from (12) and (9), An = —bo = —|H|/D where D is the determinant of
the bordered Hessian matrix, |H| 5 0 if A, = 0, that is, if the marginal utility of
inecome is not independent of income. The Hessian matrix then has an inverse, and
we can express B, b and be in terms of 1 as:
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B =H™ — H 'pp’'H(p'"H'p)~* (22)
b= —Hp@'H'p)™ - (23)
by = —(p’"H'p). (24)

The price slopes are hence decomposed further than in (10) into
@ = AH™ — (A A)b0" + by'. (25)

The total differential of the demand equations, using the decomposition of equa-
tion (25) due to Frisch (1959, p. 184), becomes

dg=NH'dp — b ({—\— b — q’) dp — bdm. (26)

The matrix of Slutsky substitution terms is separated in an additive fashion into
g matrix of “specific” substitution effects, AH 1, and a matrix of “general” sub-
stitution effects (\/A,)bb’.

The specific substitution terms can be interpreted as price slopes where a change
dp in prices is accompanied by a compensatory income change such that the level
of the marginal utility of money is maintained, that is, dx = 0.2 This can be seen
as follows:

0 = d\ = Ndp + Mudm {from (5))
= Abdp — Ang'dp + Andm (from (8)).
Henee, dm = —[(AA)b" — ¢'ldp.
Thus, to recapitulate:

@ is the matrix of usual Cournot price slopes where money income is held con-
stant.

AB is the matrix of income compensated or Slutsky price slopes with constant
utility.

MH ! is the matrix of income compensated or Frisch price slopes with constant
marginal utility of income (MUM).

¢’'dp is the income compensation to maintain utility consfant.

— % b’ + ¢ } dp is the income compensation to maintain the M UM constant.

Frisch’s decomposition can be rewritten in terms of elasticities by premultiplying
(25) by D' and postmultiplying it by D, where D, denotes the diagonal matrix
whose elements are the arguments of the vector z:

18 Holding the z variables fixed.
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E=E"*— 2 D, —mv, @n
MAn

while in similar notation the Slutsky decomposition in (15) is
E = E*—qw'. (28)

In these equations E is the Cournot price elasticity matrix with constant money
income, E* the Slutsky price elasticity matrix with constant utility, E** the
Frisch price elasticity matrix with constant M UM, » is the vector of income
elasticities, and w the vector of budget shares.

A slightly stronger specification of the utility function is to assume that H is
negative definite. The second-order conditions are then necessarily satisfied since

Hyw —pe .
— ’ -
= —(poHooro)Hool
'4
— D 0

holds for all 7. The following additional properties are also obtained:

Am = (O'Hp)™ < 0, MAn <0, and & = mAn/A <0
uz <0 allz=1,...,n.

The indirect utility function, first introduced by Hotelling (1932) and investi-
gated extensively more recently by Samuelson (1965), is a function of prices and
income that gives the maximum value of utility for each price and income situation.
It thus constitutes an ideal welfare indicator. It can be written as u[q°(p, m)] =
v(p, m) where ¢° is the maximizing value of g. The partial derivatives of v(p, m)
with respect to m and p are:

dv

am

ué"ginl = —apb= A

Hence, again, X is the marginal utility of income.

<ﬂ>/ = ueQ = M'Q = -2 (29)
ap ¢ 7
Hence, ¢ = —_Xl g_vp are the demand equations in explicit form.

The indirect utility funetion can be solved uniquely for the expenditure function

m = m(u7 p)

11 Roy identity (1943).
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It gives the minimum income level necessary to obtain the level of utility » when
prices are p.

The price and utility slopes of the expenditure function are: om/dp = ¢q(u, p}, the
Hicksian demand equations in explicit form; and dm/du = 1/, the reciprocal of the
marginal utility of income. The expenditure function permits defining the true
cost-of-living index P between two price situations p, and p: where the level of
utility is maintained constant,

P = m(u, pr)/m(u, po).

III. SEPARABLE UTILITY FUNCTIONS

The demand equations derived from the neoclassical theory are generally not
amenable to econometric analysis because of the large number of independent
parameters entering these equations. The length of the time series available on con-
sumer behavior is usually short relative to the number of items that enter into the
consumer’s budget, and the problem is further complicated by multicollinearity
among price series. This problem of degrees of freedom which is common to many
areas of economic analysis can be dealt with using three distinet complementary
approaches. One is the specialization of the theoretical model through additional
behavioral postulates in order to reduce the number of independent parameters.
Another is the extension of the data base, in particular through the combination of
time series and cross-section observations. The third is the development of more
efficient estimation methods, in particular to cope with the problem of multi-
collinearity. All three approaches are used in this monograph.

Further restrictions on the neoclassical model of consumer choice have been
introduced by Leontief (1947) and Sono (1961) through the assumption of separa~-
bility of the utility function. '

Consider a partition of the set of » commodities into § mutually exclusive and
exhaustive subsets (groups) of sizes ne(B =1,...,8). The idea of separability
consists of specifying that the ratio of the marginal utilities of a pair of commodities
r and s is not affected by the quantity consumed of a third commodity k. Hence,
if u, denotes the marginal utility of item 7, r and s are separable from % if

6(%’3)/6@‘ =0 forr,s=k.

Several types of separability have been defined according to the respective groups
to which commodities », s, and k belong,

- Weak Separability

Under weak separability, commodities r and s are in the same group, while k
belongs to another group:

3urfu)og, = 0 for all r, r'ell; k4R. i . (30)
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The corresponding utility function is of the form
u(Q) = F[fl(qu reey QIRI)J v 1f5(q31: R ans)], (31)

and the Slutsky substitution terms are
Ao = Brxb,by ?'GR, keK = R with 8rx = Oxg. : (32)

fBrx is a proportionality parameter that is a function of prices and income. Equa-
tions (32) and (18) imply that the own-price Slutsky substitution term is of the
form

)\brr = (1/pr> [r,z?érpr'hbrr’ + brzg;RoRK % pkbk] : (33)

Goldman and Uzawa (1964) have shown that equations (30), (31), and (32) can be
taken as equivalent definitions of weak separability.
Strong Separability

Under strong separability, commodity % belongs to a group that does not contain
7 and s, while these two commodities may or may not be in the same group:

B(urfus)/0gr = 0 for all keK; r, s £ k. (34)
Hence, when 7 and s belong to the same group, strong separability reduces to weak
separability.
The corresponding utility function is of the form

ulg) = Flfrlan, .- ar, ) + -+ Fslgsy - - o as, )1 (35)

and the Slutsky substitution terms are

by = 8b,bi, 1R, keK 5 R (36)
s Nor = —(1/p,) [Z oAb+ 0, 2 2. mbk] @7
T 3y K#R %

where the proportionality parameter 8, while still a function of prices and income,
is now independent of the groups concerned. Again, equations (85), (88), and (37)
can be taken as equivalent definitions of strong separability.

Pointwise Separability

If there is only one commodity in each group, strong separability reduces to
pointwise separability

Huifw)fagr = 0 foralle,5,k=1,...,7 (38)
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The corresponding utility function is of the form
u(@) = Flfilg) + - .- + falgn)l, (39)
and the Slutsky substitution terms are
Abi; =6bb; foralli#=j=1,...,n (40)

Abi = (1/p:)6b,(1 + p:by). (41)

Pearce Separability

If, in addition to weak separability between groups, commodities are point-wise
separable within each group, the partition is Pearce separable (1964) and

(urfu)dq, = 0 forall r, r’eR; k5= r, r'. (42)
The corresponding utility function is of the form

u(g) = F{filgr(qr,) + ...+ gz,,I(qz,,I)], ..., felgs,(gs) + ...+ gsns(qsns)]-}, (43)

and the Slutsky substitution terms are

Ay = Brib.by for all TGR; keK #= R (44)

Ab, = Orb:b 1, r'eR (45)

>\brr = - (l/pr) br I:BR ,Z pr'br' + Z BRK Z pkbkjl" (46)
P KR k

Two cardinal versions of strong and pointwise separability are, respeetively:

Block-Additivity

Under block-additivity, w; = 0 for all zel, jeJ = I, where u; is the (2, jjth ele-
ment of the Hessian matrix which is, hence, block-additive. Thus, while under
separability ratios of marginal utilities are independent of eertain gquantities con-
sumed, under additivity this independence applies direetly to the marginal utilities.

The corresponding utility function is

w(@) = fr(gry, - - . ,q:,,I) + ..t fslgsy - - - qsﬂs)- (47)

The Slutsky substitution terms are the same as those under strong separability
where 6 takes on the particular value

6= —NAm = —m/> (48)
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since the specific substitution term in Frisch’s decomposition (25) vanishes for items
in different groups.

Gossen Additivity

Gossen additivity is the case of pointwise block-additivity, hence, of a diagonal
Hessian matrix. The Slutsky substitution terms are the same as those under point-
wise separability with § = —m/a.

Note that additivity can be specified with a utility function that is only twice
differentiable as, for example, the quadratic while strong, weak, or Pearce separa-
bility requires the utility function to be at least thrice differentiable.

Pointwise additivity implies severe restrictions on the substitutability and com-
plementarity between commodities. Green (1961) has shown that in this case
either (1) all goods are normal and substitutes for each other or (2) one good is
normal and 2 substitute for all other goods which, in turn, are either inferior and
complements to each other or neutral and unrelated to each other. Pointwise addi-
tivity thus seems to be acceptable only when applied to the quantity indexes of
major categories of items in which case (1) above is likely to be satisfied. For this
reason, Pearce separability appears to be a rather implausible specification of the
utility funetion. But use of pointwise additivity then requires the existence of
quantity and price indexes for these major categories of items. As we shall see later,
existence of such indexes (which require either separability into homogeneous sub-
funetions or Hicks’ theorem (1939)) is empirically doubtful.

IV. ESTIMATION OF DEMAND PARAMETERS
UNDER SEPARABILITY: A REVIEW

The hypothesis of separability has been widely used in the empirical analysis of
consumer demand for the purpose of reducing the number of independent parame-
ters in the equations to be fitted. We can categorize as follows the ways in which it
has been utilized:

1. The functional form of separable utility function is completely specified.
Demand functions can then be derived explicitly and estimated. The functional
forms of utility that have been used for empirical analysis imply Gossen or block-
adgitivity, with the exception of the quadratic (Bieri and de Janvry, 1971a).

Under Gossen additivity, the ratio of the price elasticities of any two items with
respect to a third one is equal to the ration of their income elasticities. Houthakker’s
{1960a) “direct addilog,”

ulg) = Lo, 0<B<La>0, 2a=1,

Fual

is in this category and implies further that ratios between income elasticities are
constant. The “Stone-Geary” (Stone, 1954; Geary, 1949-50; Parks, 1969; Gold-
berger, 1967a; and Powell, 1966},
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u(g) = Elﬁi log (i —7), 0<wi<g,0<B<1,2.8=1,
= =1

which yields the much used “linear expenditure system”’

D = Dirvi + Bi (m — X; Pm) )
i

also belongs to this category. Fits are iterative (Malinvaud, 1964, pp. 315-318)
and the Engel curves are linear. A transformation of the Stone-Geary, the ex-
ponential utility function, was used by Tsujimura (1960).

Additivity of the indireet utility function implies that the ratio of the price
elasticities of any two items with respect to a third one is equal to one. Houthakker’s
indirect “addilog” (1960a)

2 Bi
o(p, m) = 2 eulmfp) 5 es <0, —1 < <0, Da; = —1,
=1 7

belongs to this category. Empirical use of both direct and indirect addilog functions
has been made by Parks (1969).
The quadratic utility function!?

! 1 7
u(g) =aq+§qu (49)

with a block-diagonal A matrix is block-additive. The demand equations are non-
linear in the price parameters and difficult to fit. The Engel functions have the
restrictive property of linearity. Tsujimura and Sato (1964) propose an iterative
estimation method which becomes computationally burdensome as soon as the
number of commodities exceeds two or three. Radhakrishna (1968) makes use of a
time series of cross-section data to estimate the parameters of a quadratic where
one good is additively separable. The problem of estimation of the demand func-
tions deriving from a quadratic utility function, with or without additivity, will be
considered in section X.

2. The functional form of the demand functions is specified directly and the re-
strictions from utility theory are then imposed on their parameters. The choice of
which parameters are to be treated as fixed in estimation (slopes, elasticities,
budget shares, or some other function of prices and income) and which ones are
allowed to vary cannot be objectively given by theory and implies arbitrariness.

Boutwell and Simmons (1968) follow this approach in specifying a constant
elasticity demand system:!3

12 For restrictions on parameters see section X.

13 A constant elasticity demand system cannot derive from maximization of a utility funetion
since it does not satisfy the budget constraint. But Wold and Juréen (1953, pp. 105-107) prove
that the budget constraint is nevertheless approximately met, and the system has repeatedly
shown its empirical validity.
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log q = « + E log p -+ n log m. (50)

Assuming strong separability and using the Slutsky, Cournot, and Engel aggrega-
tion equations, the equations of (50) reduce to

2 32

l@&=%+Z&M%w—bmw+~n
r 7 m KR

Y

[wi(log pi ~ log p:)] — - (Zz; ; wi, log pi — log m) , TeR

where w; = pige/m denotes the budget shares and B8, = Apsb./¢. and 7—2 are

treated as fixed parameters.

Because the income elasticities enter in two regression parameters and the re-
striction that this imposes among regression coefficients is nonlinear, estimation of
the system is iterative. The procedure is computationally cumbersome, has no
known eonvergence, and does not provide knowledge of the statistical properties of
the estimates obtained. The number of coefficients to be estimated in each equation
is reduced from 7 in the neoclassical model to nz 4 1, yet the iteration has to be
performed over the whole system of n equations. Byron (1970) proposes a method
to estimate the constant elasticity demand system subject to the parameters satisfy-
ing the nonlinear restrictions imposed by the separability hypothesis.

Powell (1966) starts with a linear expenditure system and imposes the implied
additivity restrictions only at the mean price and quantity levels. Fits are again
iterative. Goldberger (1967b, pp. 95-101) shows that Powell’s formulation is es-
sentially identical to the one deriving from a Stone-Geary.

3. The hypothesis of separability can be introduced in the context of total
differentials of the demand functions. This is the approach followed in the “Rotter-
dam School” by Theil (1965, 1967b), Barten (1969, 1967, 1968), Barten and Tur-
novsky (1966), and Parks (1969). It has the advantage of not requiring specifica-
tion of the demand functions and of being linear in the price and income slopes
which permits an easy imposition of the theoretical restrictions on these slopes. The
total differential of the system of demand equations, presumably taken at some
equilibriu point in the center of the observed scatter of points, is, using the
S“utsky decomposition (10), dp = ABdp — ¢.¢'dp -+ gndm, or, using the identities
dp = D.d log ¢ where D, is a diagonal matrix of elements ¢, dp = E*d log p —
yw'd log p + nd log m where E* = D;*ABD, is the matrix of constant utility price
elasticities and w the vector of budget shares. Multiplying each equation by the
corresponding budget shares, we get the system

D.d log g = D, E*d log p + Duyld log m — w'd log p]. (52)
Approximating the differentials by first differenees, Barten (1967) estimates this

system treating D, E* and D,y (the “marginal budget shares”) as fixed parameters.
Decomposing further ¥, using Frisch’s decomposition (25), into
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1
* = F** — Zpp'D,
D E m' D,

w

where E** = D;'AH'D, is the matrix of MUM compensated price elasticities,
Theil (1965, 1967a) estimates the system

1
Dyd log ¢ = D,E**d log p — - (Dwin'Dyd log p)

¢ (53)
+ Duy(d log m — w'd log p).

The estimable parameters are now D, E** Z, and D,n. Estimation is iterative be-
cause the unknown income elasticities enter into the definition of the variable
attached to the flexibility of money. Under block-additivity (Barten, 1964), the
system becomes, using (36) and (37),

* _1
w,d log ¢, = ;#w,E,,. (d log p» — d log p,) v wm,Ké;2 ZT:

(54)
[wink(d log pr — d log pr)] + we,(d log m — w'd log p), all reR.

Estimable parameters are as before, but the number has decreased from » 4 1 in
(562) and n 4+ 2 in (63) to nr + 1. Again, estimation is iterative unless the income
elasticities are known a priori. In most cases, the Rotterdam model has been
estimated under Gossen additivity (Theil, 1965, 1967a), in which case (53) reduces
to the simple expression

1
Dydlog g= ;Dan (I—D3niDy,) dlog p + Dun(d log m — w'd log p)

w

v (65)
where o and D, are estimated by iterating.

Major difficulties with the Rotterdam School approach are:

(a) The equation fitted has local validity only since it is the tangent hyperplane
to the demand surface at one equilibrium point. The approximation may be
quite poor if the range of variation of the data is large and the true demand
curves not approximately linear.

(b) Approximating differentials by first differences creates a problem of specifica-
tion error which is all the worse as the true demand equations depart more
from linearity.

(¢) The choice of the parameters to be treated as fixed in the estimation remains
arbitrary.

(d) The iterative estimation system followed is cumbersome, has no known
convergence properties, and has no distribution theory for the resulting
estimates.

Goldberger (1969) has shown that, if the model (55) with Gossen additivity and
constant marginal budget shares were to hold in the large, it could be derived from
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a Stone-Geary utility function. In that case we could use directly the equations of
the linear expenditure system instead of equations in differential form.

4. The relationships among parameters implied by separability are used directly
to derive additional parameters from a set of known ones. Johansen (1964) and
Amundsen (1964) use the Gossen additivity assumption to derive all direct and
cross-price elasticities from the knowledge of the income elasticities and of either
the money flexibility & or of one price elasticity in (41). Brandow (1961) and George
and King (1971) use the assumption of block-additivity to estimate the cross-price
elasticities between food and nonfood items.

V. BUDGETING AND RECURSIVE SYSTEMS
OF DEMAND EQUATIONS

We saw that separability has been used in the empirical analysis of consumer
demand as a way of obtaining further restrictions on price and income slopes and of
thus reducing the number of independent parameters to be estimated. Justification
for the introduction of the separability hypothesis in the classical model of con-
sumer behavior was based upon the property of independence of certain ratios of
marginal utilities between pairs of items with respect to the quantities demanded
of other items.

Strotz (1957, 1959) and Gorman (1959) propose a very appealing behavioral

interpretation of the separability property in terms of budgeting of the consumer’s *

expenses over groups of commodities as a simplifying process in decision-making.
With budgeting, maximization of the utility function takes place in stages, say, two
for simplicity. In the first stage, income is allocated to a set of S(R=1,...,8)
groups of commodities or budget categories. In the second stage, each group ex-
penditure mpg, determined in the first stage, is allocated to the nr(r =1,...,nz)
individual items in group E.

The first-stage group expenditure equations are:

s
mR=mR(P1,...,Ps,m),R=I,...,S,WichmR=m (56)
R=I

where P = Pr(pg,, ..., pr,), R=1,...,8, are group price indexes (which,
R

fdr the time being, are assumed to exist) that are functions only of prices in the cor-
responding group. The second-stage demand equations are:

"R

& = ¢-(pay, - - - PR, ) mg),r =1, ..., ng, with le,q, = mg. (57)

The demand equations for individual commodities after maximization in two
stages, which we shall call the ‘“two-stage demand equations,”’ are consequently

qr = qf[pRu ey pR"’R’ mR(PI; R PS7 m)]

Thus, the two-stage price and income slopes are, respectively,
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9 _ (Q_QL) 3¢, Omg 0Pz ,
dps - ap. mp + dmg dPg ap. 25T R (58)

where the symbol ( )., indicates that mg has been held constant in the process of

differentiation,

@-;_ma—g{——g;, ER,;GGKF‘ER (59)

and

9, _ 8¢, 9mr
dm  dmp om (60)

To the three definitions of priee slopes introduced in section II, namely, (1) the
Cournot, price slopes where money income is held constant, (2) the Slutsky price
slopes where utility is held constant, and (3) the Frisch price slopes where the
marginal utility of income is held constant, we are, hence, now adding a fourth

definition—(8¢./8p,")my—the second-stage Cournot price slopes where group ex-

penditure is held constant.

Just as in the Cournot price slopes, these second-stage Cournot price slopes can be
further decomposed into: (1) second-stage Slutsky price slopes where the group
utility fz (.} in the utility function is held constant and (2) second-stage Frisch
price slopes where the marginal utility of expenditure on group R, Az, is held con-
stant.

Since mg is determined in a first-stage maximization, it is predetermined with
respect to ¢,, and the system of first- and second-stage demand equations is block-
recursive. One block is composed of the first-stage expenditure equations and the
other of the second-stage demand equations. If we agsume that random disturbances
are introduced in these equations to account for errors in maximizing, the variance-
covariance matrix of residuals will be block-diagonal since maximization is per-
formed in two separate stages. Thus, the second-stage demand equations can be
fitted independently of the first-stage expenditure functions. Further, second-stage
maximization takes place separately in each budget category so that errors in
maximizing cannot be transmitted from one group to another. The variance-
covariance matrix of the system of second-stage demand equations is, hence, also
block-diagonal, and each of the S systems of equations can be fitted separately.
Within each of these systems, all the exogenous variables are the same—namely,

DRy -+ <, Pr, , me—s0 that, following Zellner (1962), consistent and efficient esti-
R

mates can be derived from equation-by-equation fits using least-squares.

This last fact is very useful for empirical analysis of consumer demand, both in
terms of data requirements and of degrees of freedom. We typically do not have
time series data on the quantities demanded, and prices of all the items entering
the consumer’s budget. For example, we have none on services and durable goods,
and this prevents the use for measurement purposes of the demand equations de-
rived from the classical model. Here, by contrast, to estimate second-stage demand
functions, we need only data on the items that compose the separable group(s) in
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which we are interested. The number of parameters in the equations to be estimated
drops from n 4 1 to ng -+ 1.

Once second-stage parameters are estimated, the correspondmg two-stage
parameters can be derived with little additional information from equations (58),
(59), and (60) which are specialized for the cases of strong and weak separability in
section VII and illustrated in section XIV.

Forecasts of demand in this framework can be obtained in a stepwise fashion:
Expenditures on budget categories are determined first and then the quantities de-
manded of particular items within these groups. This also is useful since it is the
way in which forecasting often takes place, particularly for planning purposes.
Aggregate consumption forecasts obtained in maeromodels are successively dis-
aggregated into forecasts on groups and on elementary commeodities. Several ex-
amples of this approach can be found in Sandee (1964).

The determinsation of the first-stage group expenditure levels requires the exist-
ence of group price indexes. We require that these indexes be such that the quanti-
ties determined through maximization in two stages be consistent with the quanti-
ties determined by direct maximization. The existence conditions for such indexes
were set forth by Gorman (1959): “Perfect” (that is, nonlocal) price indexes

Pr(pry, - - -, pr, ) exist if the utility function is weakly or strongly separable into
R

linear homogeneous utility subfunctions; local price indexes dPr(dpxr,, . . . , dpr, )
B

exist if the utility function is strongly separable. If the utility function is weakly
separable, local price indexes dPxr(dpr,, . - - , dpr,, ) exist that are specific to each
R

expenditure equation, say K. From local price indexes, only the adjustments from
one equilibrium point in response to small changes in prices and income can be de-
termined. We now turn to the determination of these indexes.’¢

VI. DETERMINATION OF LOCAL GROUP PRICE
INDEXES UNDER STRONG AND WEAK SEPARABILITY

To determine expenditure adjustments on budget categories according to equa-

tion (56) in differential form, dmg = Z g;m dPg + %7:’: dm, we need to determine
R

a ’set of 8 local group price indexes of the form
dPR=Zga,dp,,arza,(pl,...,;D,.,,m)R=I,...,S (61)

on the basis of which consistent two-stage maximization can be performed. As set
forth by Gorman (1959, p. 471), these indexes will exist if

dmp/dpe (G‘mR/aPK) (8Px/[8pe) _
omz/dpy  (0mz/dPx) (0Pk[0py)

14 The existence of the second-stage demand equations requires weak separability of the
direct utility function (Bieri and de Janvry, 1971b). Another case where second-stage demand
functions exist is under weak separability of the indireet utility function {(Lau, 1970 and Bieri,
1972).
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is independent of E. This condition obtains if the utility function is strongly
separable or weakly separable into homogeneous subfunetions. If consistency with
direct maximization is obtained, the changes in consumption levels dg,, determined
through direct maximization, are equal to the ones determined on the basis of group
price indexes. We can, hence, determine the functional form of the local group
price indexes, starting from the changes in expenditure on individual commodities
determined through direct maximization.

The total differential of direct maximization demand equations is, under strong
separability and using Slutsky’s decomposition,

]
dgr = 2= Noydpy -+ 6b, 2 2 budpy — b (dm -2 q,dp,> + gudz, TR (62)
reR KExE & B=I r

where ¢,, = 9¢,/3z. Multiplying by price and summing over all items in group R,
we get:

Z pAg, = Z Z Ao pdp, + 8 (Z prb?)(xz,g:gzk: bkdpk)
-+ (Z p,&)(dm - ; 2 g,dgz,) + (Z pr@rz) dz.
But, from equations (18) and (17), respeectively,

;Ebﬂzpr= 0, and ;Zp,b,z —1.

(63)

Hence,
22 \b,p, = b, (1 + 2 b,p,).
r reR
Substituting into the demand equation and defining

> Dby = —ampfdm = by and Zp,(aq,/az) = dmp/dz = Mg,
we get

X pdg, = 6 2 bdp, + ba 3 2 (0 + 0)dps — badm + mnde.
Thus, the ehange in group expenditure
dmz = 2. pdg, + 2 g.dp,
obtained from direct maximization, is
dmy = 2 (6, + g)dp, + bz 20 2 (Bbi + g)dpi — badm + madz.  (64)

Hence, if we define the local group price indexes as
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dPr = 2= (6b, + ¢)dp,, (65)

these indexes satisfy Gorman’s aggregation conditions
af/afl = (0bf + Q?)K(eér, + gr/)}

independent of K,
The first-stage adjustment-in-group-expenditure equations are then

dmR=dPR-bR(dm—EdPK)+mR,,dzR= L...,8. (66)

all X

In these equations the first term, dPg, can be interpreted as the change in group R
expenditure that results from holding the quantities in this group and A fixed (the z

variables are also held fixed). (dm — é{ dPg) is the income compensation cor-

responding to this change in expenditure. This can be seen as follows: for dmp = dPj

to hold, we need dm = 2 dPx = 2 (6b; + g)dp; or > pidg; = 2 8bdp:. This
i=1 Fu=l f==]

all K

holds in particular for dg; = 0, all ¢, and 2 bidp; = 0. The last equality implies
Sl
dX = 0 as shown in equation (26). :
Due to consisteney, the first-stage budget constraint 2. dmg = dm is satisfied,
R

and the sum of any § — 1 expenditure equations equals the last one if 2 mps = 0.

B
We can aggregate any two groups, say, groups R and R/, into a separable aggre-
gate. Let

dmpyr’ = dmg -+ dmp’;
— dmpyr'/dm = bpyr’ = be + br', OMr1r'[02 = Mryr',. = M- + Mmp7,

and
dPn.,.p,’ = dPR + dPn’.

’fhen, the first-stage aggregate-group expenditure equation is

dmpyp' = 6bpyr'(1 + bryr)dPryr’ + Obryir’ i ER:R, bxdPx — bryr'dm -+ me o pd2.

dmper’ = dPpyr’ — bryir’ (dm - 2 ,dPgx — dP R+R’). (67)
K»R,R

Under weak separability, adjustments in budgeting cannot be performed on the
basis of S local group price indexes since Gorman’s aggregation conditions are not
satisfied. The group price indexes that enter each specific first-stage expenditure
equation are functions of both the group and the equation to which they refer.
That is, there only exist local aggregates of the form:
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dPgrs = Z;f gD, vaRs = age(p1, . - . s P, m))
¢

such that

dmkmdmg(de,...,dPRs, dm, dz)RxI,...,S,

and consistency with direct maximization is obtained.

The existence and the form of these local indexes and the corresponding first-
stage adjustment-in-expenditure equations are obtained, as previously, by summa-
tion of direct maximization demand equations in total differential form. We get:

dmp = — 2 [(KEoRKbK) br — g — qu,] dp, + b 2 2 |
r F24 KR k& (68)
[6r&xbs + qeldpe — brdm +- mg.de.

Hence, if we define as local price indexes

dPrx = 2. | Brzbr + Qk) dpe, all K % R, (69)
and *
dPrr = 2o ('N'Rbr + qr) dp., all B ’(70)
where ’
TR = — K% 8rxbx/(1 + br); (71)

the first-stage expenditure equations are correspondingly

dmg = dPrz — ba (dm — 2 dPrx ) + ma.dz. (72)
sl X

Analogously to the case of strong separability, the first dPre can be interpreted
as the change in group R expenditure holding all the quantities and the marginal
utility of expenditure for each group fixed. Aggregation over groups is performed
as previously.

In summary, consistent adjustments in budgeting can be performed under weak
separability from the knowledge of S? local group price indexes. By contrast, ad-
justment in budgeting can be performed under strong separability from the knowl-
edge of only 8 loecal group price indexes. While under strong separability the two-
stage price slopes are given by equations (68) and (59), under weak separability
they become:

3. _ (Q_Q_r_) 3q. Omg 0Pgr )
S 557 o GWPRRMGP/ , 7, T'eR {73)
94 _ 94 9mz 9Pk b pp iR 2
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VII. ESTIMATION OF PRICE AND INCOME SLOPES
AND FORECASTING UNDER STRONG AND
WEAK SEPARABILITY

The relationships between two-stage and second-stage demand parameters under
strong separability were given in equations (58), (59), and (60), page 21. Loeal
group price indexes, on the basis of which consistent budgeting can be performed,
were defined in equation (61). Combining these two pieces of information, we now
obtain for the two-stage price and income slopes the following useful expressions:

% _ (&) _ R
opy \0p+/mp brr(l + br) (g + 6b), 7, reR (75)
gf): = —b.rbr(gr + 6bi), reR, keK = R (76)
0g-
o = brebe )

In terms of price and income elasticities and under the assumption of block-

additivity, implying § = -m/x, these equations become
Brt = (BeYmg + wengn [ — 1 1+-1~??' (78)
' ' Jmp NI R o R g +'IRYR
1
E, = —wmyrr (1 + 2?7!:!1{?11(); rel, keK = B (79)
N = YRR (80)
where 9z = —bz 2 and MR = Do, me _ —br/rMrfq;.
H mr amg qr

Quantification of the price and income slopes (75), (76), and (77) requires the
estilmation of three sets of parameters:
1. We need to estimate from time series data the second-stage demand parame-

ters (aq,) andéq—L at each equilibrium point from s fit of the corresponding
ap,-’ mp dme
second-stage demand equation

G = Qr(pRu B pR“}Z’ mR}

that derives from the maximization of
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Trlgry - - -, a8, ) — Az (Z Pr 4R, — m}e).

We need, for this purpose, to choose a particular functional form, cither for fz(.) or
for ¢,(.), with the requirement that it does not imply any type of separability be-
tween the items in the group. As we saw in section IV, there are few functional
forms of fz(.) that do not imply separability and, at the same time, yield demand
eguations that are amenable to statistical fits. The quadratic utility funetion is one
of them, and we will develop a method to estimate its demand equations in section
X. Starting directly with a specification of ¢,(.), the choice is again severely limited.
The family of doublelog and semilog functions offers acceptable approximations to
second-stage demand equations. Because of their good empirical performance and
their easiness for mathematical manipulation of the demand elasticities, constant
elasticity demand functions are used in section XIV where an empirieal illustration
of the estimation of second-stage parameters is provided. If the demand functions
are nearly linear, they can be approximated by the total differentials at one equi-
librium point which corresponds to the approach followed by the Rotterdam
School.

2. We need to estimate the first-stage parameters bz, for all groups R of interest,
also at each equilibrium point. This can be done from cross-section data within the
population stratum for which the utility function is assumed to hold. At one
equilibrium point, prices are constant over individuals, while m and z (which
characterize the explicit differences between consumers in the survey) vary. The
first-stage adjustment in expenditure funetion can consequently be integrated into
a function mz = mz(m, 2) that holds for each individual in the stratum, at a given
point in time, with fixed parameters. Fit of this function yields estimates of bg at
each level of income.* )

3. We finally need to estimate 6. From the expenditure functions (64) and using

the identities dmz = 2. p,dg, + 2. g:dp, and bg = 2. p.b,, We get
¥ r r

> ey, > b.dp,

=9 + 20 2 (0 + q)dpe — dm + gz,
2 b, 2pb Kk 2 pib

r r

Subtracting these equations for two groups, R and K, gives

ééR - d’\éK
= G8r = d4x 81
dPg — dPy ®1)
- > pdg aq
where dijp = — = anddPp = 2, 3 dp,. Once the second-stage expenditure
br » amR

it In equations (78) (79) and (80), some elasticities are estimated from cross-sections, while
others are obtained from time series. The usual caveat as in Meyer and Kuh (1957) applies.
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slopes dg,/dme and the first-stage parameter dmz/dm have been estimated, 8 can
be obtained from observations on prices and quantities at two adjacent points in
time.

Alternatively, 6 could be obtained from the prior knowledge of one cross-group
price slope (76) and of the income slopes of the two commodities concerned.

If the partition is block-additive, 8 is related to the ‘“money flexibility’’ through
6 = —m/cg. A number of prior estimates of & are available in the literature ; and
relationships between & and the level of income and prices can be established em-
pirically, enabling the prediction of & for any given level of real income. This problem
will be treated specifically in section X.

Once the three sets of parameters 1, 2, and 3 have been measured, estimates of
price and income slopes at each equilibrium point are obtained from equations
(75), (76), and (77).

Under weak separability, the first-stage expenditure functions were derived in
(72); and the matrix of local price indexes, on the basis of which consistent budget-
ing can be performed, was given in (69), (70), and (71). Using those in the definition
of the two-stage price slopes (73) and (74), we obtain

gf% B (%)mlz - br/R(]- + bR) (Qr' + WRbr’)) T, el (82)
3;111}; = —b,-/RbR(Qk + 0RKbk); N—R: keK # R. (83)

In these equations the second- and first-stage parameters are estimated as in
1 and 2 above. Estimation of the within-group price slopes (82) requires prior
knowledge of one such slope to derive wz. Similarly, prior knowledge of one cross-
group price slope is needed to estimate each 6rx and from these the slopes (83).
Forecasts of demand are obtained in the second-stage equations from

af = qf(p{?p EEE) pjl'?,,R: mR: zf): (84)

where the superseript f denotes forecasted exogenous variables. The forecasted
expenditure level, mg, needs to be obtained from the first-stage expenditure func-
tigns. Since there exist only local group price indexes in the first stage, all we can
determine is the adjustment in expenditure, dfz, from an equilibrium point,
mz, in response to forecasted small changes in prices and income. We then obtain
in the case of strong separability

Me = ma + dmp(dP5, . . ., dP%, dn). \ (85)

Consequently, this forecast is obtained along the tangent hyperplane to the first-
stage expenditure function at some equilibrium point. If the forecasted changes in
prices and income are not small and/or if the first-stage expenditure functions are
highly nonlinear, then the forecasted expenditure levels are only first-order approxi-
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mations to the consistent expenditure levels. While short-run forecasts of demand
may be obtained in this fashion, long-run forecasts would require knowledge of the
first-stage expenditure functions and not simply of their tangents. Perfect price
aggregates are required for this purpose. They exist either with separability into
homogeneous subfunctions or if Hicks’ theorem on composite goods is satisfied
within each separable group; but empirical evidence indicates that both of these
conditions seem unlikely to be met. These two cases of perfect aggregation are
analyzed in section VIII.

VIII. ESTIMATION OF PRICE AND INCOME SLOPES
UNDER SEPARABILITY INTO HOMOGENEOUS
SUBFUNCTIONS AND UNDER THE
COMPOSITE GOODS THEOREM

Let us assume that the utility function
u = ulfi(gn), . . ., fs(gs)]

is weakly separable into linear homogeneous functions, fz(gz,, ..., ¢rsg). From

Euler’s theorem and the first-order utility maximizing conditions in the second
stage, we have

i
; a-);lj ¢ = fr = Agme = vr(DR,, . - . , ?Rnlg mE). (86)

Using Roy’s identity given in equation (29), we obtain the second-stage demand
functions explicitly as

_. _ Ove[dp. _ 9Ngr[p,
= = 3 Tome Ny R all reR. (87)

The budget constraint E Prgr = mp then yields — g = Z P:.0Az/3p, which shows

that Az is homogeneous of degree minus one in prices only We thus have axg/dmpe
= (, From equation (13) we now get 9Az/3p, = — Az8q,/0mz. Another expression
for the same slope can be obtained from (87). Comparing the two expressions yields

9g, \ '
o fan o

that is, the second-stage income elasticities are unitary. The second-stage price
slopes, derived directly by differentiation in {87), become
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aq,) 3 (——am) a7 , ‘ o
(apr - 0" g A TR (89)
and are thus symmetric.’

We now start with equation (64) and impose the linear homogeneity restriction
on the group utility functions. The group expenditure function becomes

dmg = (1 + bg)(6br + me)AedPr + b K; (6bx + mx)AgdPx — bedm  (90)

where the local group price indexes are defined as

dPp = 2 g-dp,/Agmg, for all R. o

These indexes ean be integrated using equation (87) into linear homogeneous priee
indexes

Pp=1/\p, forall R. (92)
The corresponding quantity indexes using equation (86) can be defined as
Qr = Agmr = fr (93)

so that PpQr = my. The total differential of the aggregate demand functions,
substituting (90) into the identity

1
Q= p~ (dmz — QrdPr)
R
becomes
18 The Slutsky substitution matrix thus can be expressed as (omitting the group R subseript)

= 994
»B = ( 6;96:0) m’

Using Euler’s theorem, we have

LN (a2,
Va2 (%) ~ %
so’that we can rewrite
m qp’ RS
B=2 (=) (- map)-
The matrix
(2N
"~ ap ap’

is negative semidefinite and the matrix

(-)

is idempotent; as a consequence, A B is negative semidefinite as it should be.
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dQn = — 2= [e(ﬁ’ﬁ—— aQR)—{—Q }d&

om mr

(94
BQR ( 0Qx ) 3QR
+ G 205G — Ok ) aPx + Sk dm
Hence, the price elasticities of these aggregate quantities are:
8
Egp = — jr;??ze(l — WRMR) — WEIR (95)
and
Egx = —nrwk (1 - %nx) , B K {(96)

which are commonly used elasticities for a pointwise separable partition obtained
in (40) and (41).7 In those equations, we = mR/m is the budget share of group R.
The two-stage income slopes now are

— —_._g_’ — qr _GQR_Qr‘aQR
b= me bz = Axmr  Om Qr  Om (97

where 3Qr/3m is the first-stage income slope. The two-stage price slopes become

63, _ (@.@) e dmz Pn
P \9p/my  mr OPr  dp ap TR

or, using equations (89) and (91) and the budget constraint to get dmg/dPgr =
Qr + ProQr/oPr with 3Qr/0Pzr being the first-stage, own-price slope, we obtain

3, _ _ ma ( R ) 0.9 ( 3Qn PR)
3 = % \ap.opy + 2+ P On) " eR. (98)

The matrix of correetive factors for all r, 7’¢R is symmetric and, hence, the matrix
of two-stage, cross-price slopes for all items in a same group is symmetric. Finally,

%ugz.qj.ﬁ.@_&.fﬁ,,«ek’keg,g%}g (99)

where 8Qr/3Px is the first-stage, cross-price slope.
Similar results can be obtained if Hicks' theorem on composite goods holds
within each group K. We then have, using the price of itemn E1 as a base

Pz,
dpg, = - ~—dpp, T=1,...,npeR, all R (100)
1

17 See, for example, Frisch (1959), Amundsen (1964}, Johansen (1964), and Brandow (1961)
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and global indexes of the form

1
Pgr = pr;, Qr = — ms (101)
Pr,

can be defined such that PrQr = mg. The total differentials of the expenditure and
aggregate demand functions have the same form as equations (90) and (93), re-
spectively. The price elasticities of the aggregates are again the elasticities of a
pointwise separable partition as in equations (94) and (95).

In conclusion, first-stage group price indexes exist if separability into homoge-
neous subfunctions is postulated or if Hicks’ theorem holds. The first-stage ex-
penditure functions are then available, and forecasts of expenditure levels can be
obtained from them. Although the restrictions implied by either of these cases are
stringent, they may be acceptable for long-run forecasting. In view of these prob-
lems, the following compromise is proposed, except for very short-run forecasting,
where the solution developed in section VII is acceptable. In this compromise, the
conditions for the existence of price indexes are assumed to hold in the first stage
but not in the second.

IX. A PROPOSAL FOR STEPWISE FORECASTING

We saw that, though the assumption of a separable utility function is acceptable,
difficulties arise in forecasting because the first-stage expenditure function is not
available. Only the tangent to this function can be known, so we get only first-
order approximations to forecasts of group expenditures. On the other hand, the
first-stage expenditure function is available under the assumption of separability
into homogeneous subfunctions. But the consequences on second-stage demand
functions are then the source of dissatisfactions with the restrictiveness of the model.

A satisfactory compromise may be reached if we assume separability into homo-
geneous subfunctions in the first stage, for the purpose of obtaining perfect group
price indexes, but relax the homogeneity assumption in the second stage. If we do
this, the optimizing quantities determined are no longer consistent with direct
maximization. But this difference represents, utility-wise, the cost that the con-
sumer must incur for not being able to allocate income directly to individual com-
modities and for needing group price indexes for this purpose.

’The first-stage group price indexes are then of the form described in section VII.
With a large number nz of elementary commodities within each group, these indexes
can be satisfactorily approximated by any linear homogeneous price indexes on the
basis of a theorem due to Wilks (1938, p. 27).18

Having no restrictions on the second-stage functions, the two-stage price and in-
come slopes are [making use of the expressions for dmg/dPz, dPr/dp,, Omr/d Pk,
dPk/dp:. obtained in section VII and of equations (75), (76), and (77)]:

. 6
8¢:/9p," = (8¢+/0D)mp — ¢-bryr(1 + br) (1 + P, bR>, r, eR (102)

18 For a reference to this same theorem in a similar context, see Klein (1950, p. 20).
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8q,/8pr = ~ Qibrnbr (1 + mL;{ bx) , el keK = R (103)

8g-fdm = b, rbr. (104)

In terms of price and income elasticities and under the assumption of block-
additivity, these equations become:

1
Bl = (Bu)mg + wenein (% - le + ;,vm) 1, 7eR (105)
w
Eﬁ'k = Wiy RNE (1 + %1}1{), TGR, keK = R (106)
&
= neEng. (107)

The superseript h in Es, Eh, and #! indicates that these elasticities have been
obtained under the assumption of separability into homogeneous subfunctions in
the first-stage income allocation.

The discrepancies between the measurements of demand elasticities with and
without the assurption of homogeneity are:

E:-‘r' — B = lwr'?}r!R'??R (ﬂ- - 7?)2) (1- WR), T, el (108)
M MR
1
B —Ey= — Swinymnmng(l — miyx), 7eR, keK # R (109)
[
7 — 1, = 0. (110)

The money flexibility is negative as long as the marginal utility of income
decreases with income {or, as we saw in section II, if the Hessian matrix H is nega-~
tive definite). The group income elasticity 9z is commonly found fo be smaller than
the reciprocal of the budget share, m/meg, since groups with high income elasticities
tend to have small budget shares. Then, the sign of the discrepancy depends upon
the magnitude of .z relative to one or, equivalently, upon the size of 4, relative to
nr if:

7y > g, Bt — By > 0, and the within-group price elasticities are overestimated,
assuming homogeneity in the first stage;

ne < ng, Bry — B < 0, and they are underestimated;

e < 1K, Er. — Eq > 0, and the cross-group price elasticities are overestimated,
assuming homogeneity in the first stage;

% > 1k, B — E,. <0, and they are underestimated.
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Tasre 1

TWO-STAGE DEMAND PARAMETERS FOR FOOD ITEMS IN THE UNITED STATES*
En — B,

1 13 oy o Loer

iR " wr Exe By | Cgrective | g, — g | =T

X100
1 2 3 4 5 8 7 8

1.81 0.47 02834 —0.95 -1.05 09572 050009 ~5.36
2.23 0.58 00422 —1.60 -1.61 01266 .014208 —~0.89
1.23 0.32 02194 —0.75 —0.82 06975 007620 -~1.02
2.50 0.65 .00180 —2.35 ~2.35 00453 008282 -(.35
1.42 0.37 00919 —1.16 -1.19 03067 006738 —0.58
1.88 0.49 0220 —1.40 -1.41 00765 004659 -0,33
1.62 0.42 .00553 -0.65 ~0.67 .01882 006796 ~1.06
1.27 0.33 . 00396 —0.85 -{.86 01274 001665 —~0.20
0.46 0.12 .00251 —0.80 B 00410 —.000767 0.10
o 0 00158 -{.80 -{}.80 (] Q il
Other edible oils. ...... .12 0.03 00320 —~0.46 ~{.46 00146 —.0003%9 0.09
Lard (direct}.......... -0.19 .05 00138 .40 .40 - 00114 .000382 -{. 10
Eggs. ... 0.82 .18 01128 -0.30 -0 32 02322 — 003238 1.08
Fluid milk and eream. 0.62 0.16 02786 —0.29 -0.35 07536 — 007993 2.76
Evaporated milk. .. ... 0 0 00172 —0.30 -0.30 0 4 0
Cheese................ 1.723 0.45 00375 -0.70 -0.71 01274 005814 ~0.82
Ice Cream............. 1.35 .38 00580 —0.55 —0.57 01938 003410 -0, 62
Fruits................. 1.54 0.40 . 01838 —0.60 -0.66 .08230 018743 -3.12
Vegetables. ........... 0.58 0.15 02335 ~0.30 ~{.35 04571 009587 -3.20
Cereals................ ] 0 01819 —0.15 | ~0.15 ] ] 0
Sugar and syrups. .... 0.69 0.18 01649 —0.30 —0.34 08711 —.004342 1.45
Beverages............. 0.88 0.28 .01031 —0.36 -{1.39 02747 — 001343 0.37
Potatoes, . ............ 0.31 0.08 . 00469 —0.20 -0,21 . 00538 —.001221 0.61
Dry beans and peas... 0.46 0.12 .00392 —0.28 —0.26 00640 —.001198 0.48

* Caleulated on the basis of Brandow (1961).
v
1 Caleulated using equation (78) with a value of & = —0.86.

To get an idea of the magnitude of these discrepancies, we can use Brandow’s
measurements (1961, p. 27} of the own and cross-price elasticities for 24 agricultural
products in 1955-1957 in the United States. These estimates were obtained under
the assumption that food items are additively separable from nonfood items, with a
money flexibility of —0.86 and a budget share for food mg/m = 0.23177. In table 1,
column 2 contains the income elasticities, 7., and column 1 the second-stage elas-
ticities, 5,2, the correspondence between the two being obtained multiplicatively
through the income elasticity of food expenditure, 7z = 0.25667. Column 3 contains
tHe budget shares, w,. Column 4 contains the two-stage own-price elasticities, E.,

and column 5 the second-stage own-price elasticities, (E.)ny, the relationship be-

tween the two being obtained additively, as in equation (78), through the corrective
factor given in column 6. The differences between price elasticities as they would
have been obtained under the homogeneity assumption, using equation (105) in-
stead of (78), and as they have been obtained by Brandow without that assump-
tion, B — E,,, are recorded in column 7. The relative errors in percentage terms
are shown in the last column. The largest one, which corresponds to beef, is about 5
per cent. This error is quite small indeed when we compare it with the relative error
corresponding to the width of a 90 per cent confidence interval around the “true”
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value of the own-price elasticity for beef. Again, according to Brandow’s estimates
(1961, p. 29), the relative error resulting from the variance of the estimator of the
elasticity for beef is about 54 per cent.

We can' also determine the size of the misallocation of income to budget categories
that results from using global price indexes, that is, the consumer behaves as if the
group utility functions were linearly homogeneous instead of the existing local
indexes. Measurement of this misallocation in budgeting is only possible locally
since the expenditure functions are only defined in terms of total differentials under
weak or strong separability.

We saw that, with homogeneous subfunctions, group price and quantity indexes
can be defined as in (92) and (93). In differential form the price indexes are given in
equation (91) and the total differential of the expenditure function in equation (90).
Hence, the difference in local budget adjustments between strong and strong-
homogeneous separability is:

dmy — dml = 8bp(1 + br) 2 (—ﬂ— ~ —7‘;’7;) dp, + 6br 2_ b 2 (—"qi - ﬂ—) dpr

ome KR . \0Mg mx

where the superseript k indicates that homogeneous separability has been used.
This difference is a weighted sum of the distance to one of the second-stage ex-
penditure elasticities, #,z.

X. ESTIMATION OF DEMAND PARAMETERS WITH A
QUADRATIC UTILITY FUNCTION

We have seen in section VII how the price and income elasticities of demand can
be known from estimation of the second-stage demand parameters, (8¢,/0p:)mp

and d¢,/dmg. Correspondence between second-stage and two-stage demand parame-
ters was established through the “fundamental equations of budgeting’’ (75), (76),
and (77) under strong separability and (84), (85), and (77) under weak separability.
We shall now deal with the problem of estimation of the second-stage parameters.

Two approaches can be followed: one consists of specifying directly the func-
tional form of the second-stage demand equations; the other of postulating a fune-
tional form for the group subfunctions in the utility function and of deriving from
it the corresponding second-stage demand equations. In both cases the functional
forms specified should not imply any type of separability among items in the group,
unless, of course, we have a priori information on the existence of separability
within the group, because it would unduly restrict the degree of substitutability or
complementarity among items. We shall follow the first approach in section XIV
where a system of constant elasticity, second-stage demand equations is specified.
In this section estimation of second-stage demand equations, deriving from quad-
ratic utility subfunctions, is analyzed.

In section IV we have seen that, where the functional form of the demand func-
tion is postulated directly, the choice of which parameters to treat as fixed in esti-
mation turns out to be largely arbitrary. It, thus, seems more logical, as Houthakker
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(1961) pointed out, to solve the problem of parametrization at the level of the utility
function.” The problem with this approach is that all the utility functions that have
been specified for empirical analysis of demand imply additivity-—the Stone-Geary
(Stone, 1954; Geary, 1949), the exponential (Tsujimura, 1960), the direct and in-
direct addilog (Houthakker, 1960a), the pointwise additive quadratic (Tsujimura
and Sato, 1964), and the block-additive quadratic (Radhakrishna, 1968). We have
seen that, while the specifications may be satisfactory for broad categories of items
(provided, of course, that these categories can be characterized by price and
quantity indexes, which is doubtful), they are not acceptable for subfunctions in a
separable partition.
Consider the quadratic utility function

1
u(g) = a'q + -2—q’Aq (11n

where @ is an n-coordinate vector of parameters, and A is a fixed negative-definite
matrix of order n. It does not imply additivity unless A is further constrained. Its
existence can be justified by regarding it as a second-order Taylor expansion of g
general utility function around some equilibrium vector of quantities.

The first-order conditions for a maximum of utility under the budget constraint
p’q = m are the structural equations

A4 -—-p q a
=—| | (112)
—p’ 0 A m

Inverting the left-hand side matrix asin (9), (22), (23), and (24), we get the demand
functions

g=—Ba—bm=—[A4" — A7 "pp’ A7 (p’"A7p) a + A 'p(p’A'p)'m  (113)

A= (m+p'A7'a)(p'A7'p)". (114)
From the fundamental equations (8), we obtain
$
A= (p'A7p)™ (115)
gn = A7'p(p’4d7'p) ! (116)
Xp = —Ngm — Ang (117)
Q = MA™ — A7pp' A" (p'A7p) 7] — A7 p(p'A7p) Y (118)
=M = A\ An) e — gnd (Frisch decomposition (25))
= AB — qnq’ (Slutsky decomposition (10)).

19 Arbitrariness as to the functional form chosen remains.
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Sinee the marginal utilities must be positive, @ and 4 must be such that
a-}+ Ag > 0. Because 4 is negative definite, this implies that ¢'a > —¢’dg > 0.
And for ¢’a > 0 for all values of ¢ > 0, we need a > 0. Thus, the parameters of the
quadratic utility function must satisfy the two restrictions ¢ + 4¢ > 0 and ¢ > 0.

An interesting property of the quadratic utility function is that it permits an
easy determination of the distance to saturation levels of consumption provided
these exist. Saturation is defined here as the quantity veetor ¢g* whose consumption
yields the absolute maximum level of utility. It is given by the unconstrained
maximum of the utility function

g = —Aa,

Defining m* = p’q+ as the “bliss income” that permits reaching g*, the demand
function (113) ean be rewritten as

g = q* — gn(m* — m).

Using equations (114) and (115), the flexibility of money becomes

v m
B = ApfA = — —— .
mk — m
1 N . . . .
Hence, — 5 can be used as a welfare indicator since it characterizes the relative

w
distance of current income to the saturation expenditure level m=*, evaluated at
current prices. For each commodity, the relative distance to saturation is given by

G—g_dam—m_ 1
g{ am g{ - g"?}-

Hence, knowledge of the flexibility of money and of the income elasticities provides
a measure of the relative distance to saturation.

A further advantage of the quadratic function is that, once the structural parame-
ters a and 4 are known, programming methods have been developed for the esti-
mation of Engel eurves by Houthakker (1960b) and of demand functions by
Wegge (1968).

The demand equations (113) are highly nonlinear in the parameters a and 4 and,
hence, difficult to estimate. We now turn to the problem of their statistieal esti-
mation.

We rewrite the reduckd form equations (113) and (114) as®

q;=~B¢a—b¢m,—Bte; tzl,...,T
(119)
N:)\mm,—bia—-bzeg t=1,..A,T
¢
# The veetor ¢ can be specified to vary with ¢ as, say, a. = @, + Dz, where 2z, stands for an

s-dimensional vector of observable variables. Since this generalization does not affect the esti-
mation procedures, the simpler specification ¢: = a will be adhered to.
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where the error term vector ¢ is assumed to have the properties Efe) = 0 and

Eleel) = 2. The variance-covariance matrix of the error terms on the demand
equations, that is, B,ZB; is, thus, singular and dependent on .2

In a first-estimation procedure, the expected value of N, E(};) is treated as a
parameter; the demand equations in (119) can be transformed to show E(\,)
explicitly using equation (113).

Aq; + a4 — E()\z)p: == —AB;G; { = 1, feay T. (120)

The first n — 1 equations from the set (120) are now used in the estimation
since this will guarantee a nonsingular variance-covariance matrix (Powell, 1969).
We now have n — 1 equations and 7 observations in time. The parameters con-
tained in the matrix A and the vector @ vary with 7 =1, ..., n — 1, whereas the
parameters E(\;} vary with ¢t =1,..., 7. Thus, the n — 1 equations represent
observations for the vector E(A), t = 1,..., T, and the T points in time represent
the observations for estimating 4 and a. We have no way of normalizing® the
equations to make them amenable to ordinary regression techniques without getting
into the situation of having to estimate parameters which vary with 7 and ¢, that is,
for which there are no degrees of freedom. An orthogonal regression technique (Mal-
invaud, 1964) is thus used to estimate the parameters of (120). This procedure is
based on minimizing the sum of squares of the residuals subject to an admissible
normalization rule. The system of n — 1 equations and 7 observations can be
written as a univariate model and standardized (centered around the means with
respect to £) to eliminate the vector o’ = {a, . .. a._] from the estimating equations.?
The estimates of the elements of A are then obtained as the solution vector to a
determinental equation. The estimates for E(\), all ¢, are recovered as linear com-
binations of the estimates of A. Finally, using the estimates obtained (including the
ones for the vector a}, the parameters of the deleted equation ean also be recovered.
The procedure is deseribed in detail in Bieri and de Janvry (1971a).

A second estimation method consists in using mathematical approximations to
linearize the demand funections. For this procedure, equations (120) are pre-multi-
plied by 4~ to give:

qt = — A q + A_lng(kg) - B;@g t = 1, ey T. (121)

These equations are now linearized so that ordinary regression techniques become
applicable 2 The resulting equations are as follows:

—A“1a+ﬁ§l:+ F~B¢eg t=1,...,T (122)

21 This dependence may not be too serious since B, is homogeneous of degree zero in the price
vector pi. The variance-covariance matrix is singular in view of equation (18).

22 That is, reducing the coefficients of one set of variables, to be used as “dependent,”
to unity.

22 The estimates of the parameter vector ¢ are obtained by using the estimates of A and
E (o), all .

24 The approximations used are given in Bieri and de Janvry (1971a).
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where P, represents a price index linear homogeneous in all prices and 8 and € are a
vector and matrix of parameters to be estimated. Price and income slopes can be
measured directly in equations (122} by taking the appropriate derivatives. The
structural parameters 4 and ¢ can also be recovered up to a constant, just as in the
procedure first described.®

XI. PARTITIONS OF THE COMMODITY SPACE

We have outlined in the previous sections a method for estimating the parame-
ters of consumer demand. The method derives rigorously from an extension of the
neoclassical theory of consumer behavior obtained through the introduction in this
model of the assumption of budgeting of consumer expenditures. We turn in the
following sections to an empirical application of the method; but before doing this,
it is of importance to obtain some empirical support of the assumption of consumer
budgeting. Up to this point, we have relied directly on a rationalization of consumer
budgeting as a simplifying device in the face of a complex situation of decision-
making. While this, indeed, seems to be a sensible behavioral specification, empirical
confrontation remains desirable.

Budgeting requires the existence of group price indexes, at least in local form. In
turn, existence of group price indexes implies separability of the utility funetion.
We can, hence, test directly for separability of particular partitions of the set of
commodities. Tests of separability are necessary but not sufficient for budgeting.

Testing Whether a Given Partition Is Strongly Separable

Consider first the case of pointwise strong separability for which the following .
test was developed by Pearce (1964). Equations (40) and (41) give the Slutsky sub-
stitution terms under pointwise separability. The total differential of the demand
equations becomes

d,q,- =b; Ii-;- dp; -+ E (ﬂbj 4 Qj)dpj - dm] i = 1,...,n (123)
i i

Subtracting equation (123) for two commodities, 7 and j, results in
dg: _ dg _ (dpi dp,.) _
7, B 8 ?: 0, ally,7=1,...,n. (124)
If the income slopes have been estimated from cross-section data and two ob-
servations in time are available for the vectors ¢ and p, dg and dp can be approxi-

2% With this method, the parameters 8 and @ are related to A as follows: An element—by-
element division of ﬁ/Pc and @ p./P. gives estimates 3, say. Using the average 3, we have

20040 - [0 1]

a/E (\) = (58 (4Ta)

and

(Bieri and de Janvry, 1971a).
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mated by first differences. Equation (124) provides 1/2n (n —1) estimates of 6.
Equation (81) permits an extension of this test to the case of strongly separable
partitions. A similar extension obtains in testing for strongly separable partitions
with homogeneous subfunctions. Subtracting two equations (94) for commodities
R and K gives

dQx ~ d@n . (dPs  dPx)
3Qx/am  3Qujom "( Pr PK> (125)

Equations (125) and (124) are the same, except that we are now dealing with
quantity and price indexes for aggregate commodities.

At the same time, in providing tests of separability, equations (124), (93), and
(125) permit estimation of 6. A treatment of the statistical problems encountered in
using these equations to test for equality of the estimated ¢’s is given in Bieri (1969).

Discovering a Partition and the Nature of Its Separability

Separability implies a restriction on the Slutsky substitution terms. Estimation of
those without the separability assumption and inspection of the type of restriction
they satisfy would, hence, permit discovering whether a set of commodities is
partitionable and, also, through what type of separability.

We can always define a parameter of proportionality, 6;;, such that

)\bij == 0-;jb-;bj

is identically satisfied. Using the Slutsky decomposition (14), this parameter is re-
lated to the price and income elasticities through

W g Al =1, (126)
Under strong separability, 8;;/m = 8/m for all zel, jeJ # I. Under weak separability,
0;;/m = 0r5/m for all 7el, jeJ # I. Under block—add1t1v1ty, Oiifm = —§ for all tel,
jeJ # I. And under Gossen additivity, 8;;/m = —w o for all  and j j. Hence, knowledge
of the price and income elasticities estimated without the assumption of separa-
bility permits the estimation of 6;;/m and the determination of whether there is

sgparability and of what type.2
Unfortunately, there exist few matrices of price elasticities that have been ob-
tained without the hypothesis of separability, precisely for the same reason as that
for which separability is being used—because generally there are not enough de-
grees of freedom to estimate an unrestricted matrix. We are, hence, confronted
with a vicious circle where estimates of the price elasticities are necessary to
establish empirically the existence and nature of separable partitions of the com-
modity space; but at the same time, separability is necessary to estimate these
elasticities. One notable exception is Brandow’s matrix of price elasticities for 24
2 Tt is not possible, though, to distinguish between strong and additive partitions from

6:;/m unless we know a priori the value of the money flexibility. See section XII for empirical

evidence on v
w.



Gignnini Foundation Monograph « Number 30 « September, 1972 41

food produets (Brandow, 1961) which has not been directly estimated as a whole
but constructed from a combination of prior and sample information on the elastici-
ties. While the assumption of block-additivity has been used to calculate the own
and cross-price elasticities of the “nonfood” category, it has not been employed
explicitly in the quantification of the elasticities of food items. Calculation of the
8;;/m from these data indicates a weakly separable partition within food items of two
main groups: 1) beef, veal, pork, lamb and mutton, chickens, turkeys, and fish and
2) cheese, ice cream, fruits, sugar, and syrups. It does not seem possible to categorize
other food items into groupings. Detailed results are given in de Janvry (1966).

Since few prior estimates of matrices of price elasticities are available and since
direct estimation of those from time series data without the assumption of separa-
bility is generally impossible, it is important to seek methods that could yield
information on the #;/s from cross-section data. Analysis of the residuals from fits of
Engel functions deriving from a quadratic utility function permits this. Corre-
spondence between the variance-covariance matrix of these residuals and the
matrix of Slutsky substitution terms was first established by Theil and Neudecker
{1958) and later elaborated on by Kuznets (1963, 1965) and Bieri and de Janvry
(1971a).

With fixed prices, the demand functions derived from the quadratic utility func-
tion (see, for example, (113)) can be expressed as

@ = —(Ba), —bmy, —Be, h=1,....H (127)

where we have assumed that the parameter vector a varies over consumers, whereas
the parameter matrix A is fixed.” The error term Be, is assumed to have zero ex-
pectation and a variance-convariance matrix 2, which is singular in view of the
budget constraint.

A reduced, linearly independent set of Engel functions for the commodities
i4=1,...,2 —1 can be derived by maximizing a constrained utility function
whieh yields the following equation:®

qr, = —Br(ar, — Un,PE) — Prmy — Brer, h=1,...,H (128)

where the subseripts I and I7 indicate vectors with the last element deleted and
matrices with the last row and column exluded, respectively; pr'stands for pr/pa,
that is, the vector of deflated prices (the last price serves as numeraire).” The
variance-covariance matrix of the error terms now becomes B> 1, Brr and is non-

singular. For this variance-covariance matrix to be proportional to Brr, we need to
have 2, = &Bi It is shown in Bieri and de Janvry (1971a) that this condition

% In the expression (Ba), only the vector ¢ is assumed to vary with & according to
an = a, + Dgn, with g» being an s-dimensional vector of observable variables that take into
account characteristics specific to the individual consumer k. Thus, the Engel functions are
linear only after these specific effects have been eliminated.

28 That is, the budget constraint is imposed on the utility funetion prior to maximization
by reducing the quantity vector from n to n — 1 elemeants.

2 Note that both a,, and P, are scalars referring to the last commodity ¢..
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is met if the errors e, are introduced into the first-order maximizing conditions and
the consumer is assumed to behave rationally in the sense of minimizing the loss in
utility he incurs because of the errors.* This behavioral assumption thus allows us to
conclude that the variance-covariance matrix of the errors in the Engel functions
is proportional to the Slutsky substitution matrix. This knowledge, together with
estimates of the income slopés, thus permits us to detect additively separable
partitions of the commodity space.

Cluster Analysis of Demand

Since discovery of partitions via the price elasticities is a difficult task, it is
tempting to look directly for groupings of commodities from the cross-sectional
correlations among quantities demanded of the various items.® If decision-making
on quantities demanded is done through preliminary budgeting over groups, items
within a same budget category will tend to show high intercorrelations among
themselves and also similar profiles of correlations with items outside the group.
Factor and cluster analyses can then be used to determine these groups.

Tryon’s technique of cluster analysis (1964) was used on household budget data
collected in 1927-28 in Germany. Nineteen food items and 10 nonfood items were
clustered, and the analysis was repeated for each of three types of families: 1) with-
out children, 2) with one child under 16, and 3) with two children under 16. Clusters
were determined by first introducing orthogonal axes by principal components in
the correlation configurations and then rotated obliquely. Rotated axes are set
through the center of gravity (centroid) of the clusters identified, and the definition
of the clusters is revised stepwisely until all variables have their highest projection
(loading) on the axis of the cluster which they help define.®

Nearly identical clusters were obtained for each of the three family types. They
are:

Butter and fats.

Milk and eggs.

White and rye bread.

Meats, fish, cheese, pastry, and coffee.

Flour, starch, cereals, and sugar.

Beans and potatoes.

Vegetables and fruits.

Rent, furniture, heating, hygiene, and education.
Entertainment, vacation, and transportation.

10. Clothing and maintenance of clothing.

-
© 0N O W

The results indicate a separation of food and nonfood items, and the groupings

3% We assume, of course, that the consumer cannot avoid mistakes altogether.

31 Two more methods to determine partitions have been proposed by Bieri (1969): One is
based on revealed preferences; the other makes use of canonical correlation analysis to estimate
the parameters of a quadratic utility function from the first-order conditions under the form

1/p: I:ai + Z au Qk] = 1/p; I:ai + % ajk Qk]

for all pairs 1, j.
32 Further details and empirical results are given in de Janvry (1966).
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obtained seem to have a plausible interpretation in terms of budgeting categories.
Nevertheless, ease of empirical analysis in the search of separable partitions has
been obtained at the cost of difficulty in interpretation of the groupings observed in
terms of structure of the utility function.

XII. ESTIMATION OF THE FLEXIBILITY OF MONEY
AND INTERNATIONAL COMPARISONS

The flexibility of money appears as a key variable in the estimation of demand
parameters with consumer budgeting and block-additive partitions of the utility
function since it enters into the specification of the two-stage price elasticities (78)
and (79). Frisch (1959) has, in addition, given it a role of its own as a cardinal wel-
fare indicator since it is a transformation of the marginal utility of income. As we
saw in section II, » is negative if H is negative-definite. It is a function of prices
and income and, according to Frisch, it increases from large negative values to small
negative values as the level of real income increases. We are interested in getting an
empirical estimate of this relationship so that production of b may be obtained
for specific levels of prices and income and used in the estimation of two-stage price
and income slopes. To do this, we collected from the literature all the estimates of
& we could find, together with the levels of income and prices at which they have
been obtained.

The flexibility of money has been estimated in a number of studies where use was
made of the additivity hypothesis following one or the other of the approaches
described in section III. Table 2 gives the values obtained for 4 by Brandow
(1961), Powell (1965, 1966), Dillon and Powell (1965), Amundsen (1964), Frisch
(1959), Johansen (1964), Barten (1964, 1967, 1968), Theil (1965), Pearce (1961),
and Gruen et al. (1967). Table 2 also indicates the country for which & was obtained
the time period over which it was estimated, the average level of per capita dis-
posable income in U. 8. dollars for that period and approximately the year to which
it corresponds, and the level of the cost-of-living index in the United States that
same year.

If we assume food to be additively separable from all other items in the con-
sumer’s budget, other measurements of & can be derived from studies where the
price and income elasticities of food have been estimated. Using the Slutsky de-
composition and the expression (41) for the own-price substitution effect under
additivity, one gets for the money flexibility

v _ (1 — wmi).
T EBa W (129)

Evaluating the budget shares in the year corresponding to the average level of
disposable income in the sampling interval, we give in table 2 a series of other

measurements of & based on the econometric analyses of Waugh (1964), Brandow
(1961), Burk (1961), Tweeten (1967), Girshick and Haavelmo (1947), Tobin (1950},
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TABLE 2

ESTIMATIONS OF THE FLEXIBILITY OF MONEY

. Predicted
Country and Author Period v mi Year of pt v
case number —w m —w
United States
1 Waugh 1926-1941 1.57 570 1932 47.6 1.46
2 Waugh 1926-1941 1.30 570 1932 47.6 1.46
3 Waugh 1948-1962 1.12 1,668 1955 93.3 1.44
4 Waugh 1948-1962 .61 1,668 1955 93.3 1.44
5 Brandow 1923-1941 1.01 559 1932 47.6 1.47
6 Brandow 1948-1956 .99 1,520 1951 90.5 1.19
7 Brandow 1955-1957 .86 1,736 1956 94.7 1.13
8 Burk 1924-1941 1.96 564 1932 47.6 1.47
9 Burk 1948-1957 .89 1,548 1952 92.5 1.19
10 Tweeten 1922-1941 1.53 553 1932 47.6 1.48
11 Tweeten 1946-1965 1.23 1,668 1955 93.3 1.14
12 Girshick and Haavelmo 1922-1941 1.26 553 1932 47.6 1.48
13 Tobin 1929~1941 2.44 566 1932 47.6 1.46
14 Cochrane and Lampe 1929-1942
1947-1949 1.34 704 1941 51.3 1.34
15 Chetty 1929-1941 1.22 566 1932 47.6 1.46
16 Fox 1922-1941 1.26 553 1932 47.6 1.48
17 Suits and Sparks 1947-1960 1.47 1,600 1955 93.3 1.17
Argentina
18 de Janvry 1950-1963 2.97 380 1959 101.5 2.93
19 Barreiros, Fucaraccio,
and Herschel 1950-1963 3.90 380 1959 101.5 2.93
Chile
20 Dillon and Powell 1952-1963 1.12 348 1959 101.5 3.09
Canada
21 Powell 1952-1963 1.55 1,325 1956 94.7 1.33
Norway
22 Amundsen 1930-1959 3.00 755 1956 94.7 1.86
23 Frisch 1959 2.00 863 1959 101.5 1.79
24 Johansen 1950 2.00 647 1950 83.8 1.90
The Netherlands
25 Barten 1923-1939
1950-1961 2.00 529 1956 94.7 2.31
26 Barten 1921-1939
1948-1958 2.16 476 1955 93.3 2.44
27 Barten 1921-1939
1948-1958 3.14 476 1955 93.3 2.44
28 Theil 1921-1939
1948-1963 2.50 573 1958 100.7 2.28
United Kingdom .
] 29 Pearce 1952-1958 2.00 718 1955 93.3 1.81
Australia
30 Gruen et al. 1950-1962 2.87 997 1958 100.7 1.63
31 Powell 1950-1960 2.35 958 1956 94.7 1.61

v
* —wis Frisch’s (1959) money flexibility.

tm is the average per capita disposable income in United States dollars.

1Pisthe U.8. D
Department of Agriculture (1967).

v
§ Predicted —w is from equation (130).
Sources: Waugh (1964); Brandow (1961); Burk (1961); Tweeten (1967); Girshick and Haavelmo (1947); Tobin (1950);

Cochrane and Lampe (1953); Chetty (1968); Fox (1954); Suits and Sparks (1965); de Janvry (1970); Barreiros, Fucaraccio,

and Herschel (1965); Dillon and Powell (1965); Powell (1965); Amundsen (1964); Frisch (1959): Johansen (1964); Barten

1968, 1964, 1967); Theil (1965); Pearce (1961); Gruen et al. (1967); and Powell (1966).

. Department of Labor’s Consumer Price Index for all items (1957-1959 = 100), reproduced in U. S.
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Cochrane and Lampe (1953), Chetty (1968), Fox (1954), Suits and Sparks (1965),
de Janvry (1970), and Barreiros, Fuearaccio, and Herschel (1965).

A certain number of studies, where either § or Ey; and #; for food had been
measured, were not used because consumption expenditure instead of disposable
income had been employed as a budget constraint.® Assuming savings to be
separable from consumption, the relationship between & obtained from disposable
income and & obtained from consumption ean be established. The formula is rather
complex, and the studies using consumption expenditures were consequently left
aside.

We can establish an empirical relationship between & and the levels of disposable
income and prices reported in table 2. This relationship should be homogeneous of
degree zero in income and prices.

We fitted the constant elasticity equation

log, (3 = 1872 602
B A7) = 6574 — (—4.060) geP

R’= 46,F = 24.61, |¢| = .24, (130)

and the linear eguation

v 3.155 124

=% = AT 000 ~ (=3.500) %’,3 R*= 52, F = 31.35, |¢| = 41 (131)

Data between parentheses are {-ratios and |e| is the average absolute deviation of
the residuals. In all fits the regression coefficients on the real income variable are
highly significant.

Table 2 gives the predicted values of —& from equation {130), and figure 1 gives
a geometrical representation of the observations and the two fits in the space
(mg} m{P). Note that, by using for P the cost of living index in the United States,
we do not account for intercountry differences in purchasing power of the dollar.®

For Argentina, predicted values of the flexibility of money for 1959 are —2.93 in
equation (130) and ~2.69 in (181) which are close to the direct estimate —2.97
obtained in de Janvry (1970) for the same year. The two-stage price elasticities,
calculated for Argentina in section XIV, are for the period 1960-1963. The average
level of per capita disposable income during this period is M = U.S. $493 and
P = 104.9. Both equations (130) and (131) yield for this period a predicted flexi-
bility of money of ~2.56.

In calculating the two-stage price elasticities (78) and (79), we thus recognize, as
Frisch suggested, that & is not a fixed parameter but a funetion of prices and in-
come. We predict Sfora speeific year or time span and calculate the price elasticities
for this particular point or interval in time.

We saw in section X that, when a quadratic utility function is postulated, knowl.

33 Ag, for example, Goldberger (1967s,).
% Tf the purchasing power of the dollar is higher in lower income countries, the estimated

equations may underprediet — for those countries.
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Fig. 1. International comparisons of the flexibility of money.
]

edge of & permits us to guantify the relative distance to saturation, both for total
expenditure from (m* —m)/m = —I/g and for expenditure on each item from
(F — ¢))g: = —n,-/g. These are worthwhile welfare indicators to be known since
they describe the magnitude of unfilled wants relative to current consumption
levels.

From the income elasticities of major categories of items estimated for Argentina
in 1963 and given in section XIII, we can calculate the following values:
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Relative distance to
saturation levels

in per cent
100 (m* — m)jm 39.1
100 (of — ¢2)/g:
Food 19.3
Cleaning 18.6
Health services 22.8
Housing services 27.2
Clothing 37.3
Recreation 44.9
Personal services 45.3
Edueation 64.5
Durables 70.0
Vacation 77.6
Servants 8%8.3
Automotive expenditure 127.5
Real property 130.6
Other expenditures 27.1

These results indicate, for example, that, while unsatisfied wants of food amount
to only 19 per cent of current consumption levels, for automotive expenditure and
real property they are as high as 128 per cent and 131 per cent, respectively.

XII. ESTIMATION OF EXPENDITURE FUNCTIONS FOR
MAJOR CATEGORIES OF ITEMS

Frisch’s scheme (1959) for estimating all price and income elasticities for the
quantities demanded of major categories of items, based on the assumption of
pointwise additivity, has been used frequently in the literature. The method is
appropriate if there exist group quantity indexes. As we saw in section VIII, this is
the case only if Hicks’ theorem on composite goods is satisfied within each separable
group or if the separable subfunctions in the utility function are homogeneous of
degree one. Direct observations of price variations show that the first case is not
encountered in practice. Available estimates of the elasticities of quantities de-
manded of individual items in a same group—food, for example—with respect to
group expenditure are generally not all equal to one, contradieting the second case.

Since group quantity indexes are unlikely to exist, it seems reasonable to shift
the emphasis from guaniities demanded of major eategories of items to group
expenditure levels and to look for a way of determining the changes in group ex-
penditure levels resulting from changes in the prices of specific items and of income.
The first-stage expenditure functions (66) and the price indexes (65) enable us to
predict these changes, based on the agsumption of strong separability.

We have seen in section VIII that the total differential of the expenditure
function, where either Hicks’ theorem is satisfied or the utility subfunctions are
homogeneous, is:
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dPg
Pr

d’m}z == (1 —|— bR)(ObR —|— mR) + bRKE:R(obK -+ mx) ggf et dem -+ mdeZ. (132)

Under Hicks’ theorem, dPg/FPr = dprif/pr, and with homogeneous subfunctions,
dPg(Pr = Zq,dpf/mfa. By analogy to (132), we can rewrite the expenditure

funection (663 as:

dmp = (1 + bg){(6br + mr)dPr + mezg (6bx + mr)dPx — brpdm + me.dz (133)
52,
by defining the group price indexes as:

dPr = 2 a* ‘—iz?—’ (134)

T r

x _ 0pb, + prgr
where a; = T

In (133) the first-stage price slopes are, with block-additivity,

d 1

3% = mg(l — Wryr) (1 + 2%) (185)
LU0 J—— AN T (136)
aPK RUYRME XﬂK 3 .

All the elements that enter into these slopes are observed or estimable from cross-
section data. This is also true for the a}s which can be rewritten as:

. _ Wiln, + &)

a, - rek. (187)
wr(ne + w)

The advantage of rewriting the expenditure function (66), as in (138), is that the
slopes (135) and (136) can now be used to characterize the change in group ex-
pénditure that would result from imposing an equal rate of change in all the
prices of a group or to trace the impact on group expenditure of a rate of change
dp./p- in the price of one particular item. In this case the first-stage slopes (1385) and
(186) must be multiplied by aF of equation (137). We now turn to an empirical
example, using Argentine data.

Using a consumer budget survey made in 1963 in all major cities of Argentina,
income elasticities are estimated from constant elasticity Engel functions relating
expenditure on individual items to total expenditure. These elasticities are reported
in table 3 together with the budget shares w, and wx. The elasticities for the budget
categories, ng, are calculated ag Zw,n,/wg. The weights aF of the local group

price indexes (134) are then calculated according to equation (187).



Giannini Foundation Monograph » Number 30 + September, 1972 49

TapLe 3 )
WEIGHTS OF GROUP PRICE INDEXES

a8t WRy Wr ot

Food....... e 0.494 0.403
Meatand fish. . .............onvuiins 0.504 0.108 0,2867
Potatoes. .........ovviiii il 0.337 0.022 0.0587
Fruits and vegetables. ................. 0.560 0.068 0.1633
Bread and starches..................... 0.304 0.034 0.0921
Milkand eream. ....................... 0.577 0.026 0.0699
[SIPT..25 N 0.318 0.015 0.0404
Ol s 0.321 0.014 0.0376
107 T 0.870 0.012 0.0271
Nonaleoholie drinks. ................... 0.818 0.020 0,0487
1 N 1.766 0.002 6.0019
Wine....ooooviiiiiiii i s 0.380 0.020 0.0524
Other alcobolie drinks.................. 1.407 0.002 0.0028
Otherfoods. ..o 0.506 0.060 0.1481

CleaNINE. . oot i e 0.475 0.024

Health services. ..............c..ooeeen 0.584 0.049

Housingservices. ........................ 0.696 0.088

Clothing...........oooiiiiii o 0.956 0.102

Reereation. .............ooo i 1.149 0.087

Personal Bervices. . ....vvoovevieriiniiiins 1.160 0.043

Edueation. . ......ociiiin e 1.651 0.016

Durables.... ... i 1.791 0.048

Vacation. . .....ooiviiiiiiiieiiiiiaanas 1.987 0.022

Bervants. ..o e 2.261 ¢.017

Automotive expenditure. .. .............. 3.265 0.063

Realproperty.........coovviiiiiinniaenn 3.344 0.016

Other expendifures.............c.ooonen. 0.694 0.036

t All the estimated elasticities are significant at the 95 percent confidence level.

The observed expenditure levels mz of budget categories are given in the last

column of table 4. From those and the information contained in table 3, the first-

stage price slopes are computed using equations (135) and (136) and reported in the
body of table 4.

The results indicate, for example, that a 10 per cent increase in all food prices
leads to an increase of 1,358 pesos (1963) in food expenditure, to a decline of 72
pesos in automotive expenditure (due to the high income elasticity of this budget
category), and so forth. On the other hand, an increase of 10 per cent in the price of
* dpr
(:2667){.1) = .0267. Since dmg/oPr for food is equal to 13,579 pesos, this change
induces an increase in food expenditure of (.0267)(13,579) = 362 pesos which
represents an increase of 1.7 per cent over the observed level.

meats and fish alone results in a change in the price index for food of a;

XIV. ESTIMATION OF SECOND-STAGE AND
TWO-STAGE DEMAND PARAMETERS

With the money flexibility predicted in seetion XII and the income elasticities
estimated in section XIII, we now measure the second-stage elasticities (E,)mp

and %,/r in order to know the two-stage elasticities of demand (78), (79), and (80).
Continuing with the example on Argentine data, we make use for this purpose of



TasLg 4
FIRST-8TAGE PRICE SLOPES {9mn/0Px)

Auto-
Food Clean~ | Health | Housing] Cloth- | Recrea- | Personal! Educe~ | Dur- | Vaca- | Serv- mgigge Real Other mat
ing |services services| ing tion |services | tion ables tion ants | expen~ |property| expen~
diture ditures
1963 pesos
Food. . iiniiiiiniiae i 13,579 — 208 —393 —685 —~ 564 ~333 -244 =53 -~ 150 —~51 -3 180 51 -272 21,011
Cleaning..................coo.. -193 1,088 —22 38 —38 32 —14 -3 -8 -3 -1 10 3 —16 | 1,251
Healthservices................ —485 At 1,818 86 —85 ] —35 -8 -22 -7 -3 28 7 —39 2,555
Housing serviees. .............. —1,038 B2 —121 3,136 —204 -118 —75 -18 —46 - 18 ) 58 16 ~84 4,588
Clothing..............ooivennn —1,683 —99 —162 ~326 3,007 - 188 —120 ~29 —73 28 —10 88 25 —133 5,318
Recreation..................... 1,306 —78 —152 3257 257 1,777 ] 23 58 20 -8 70 20 -105 3,493
Personal services............... 848 —51 -89 167 —187 —96 1,188 -~18 —38 —13 -5 45 13 -G8 2,242
Education........coovvieneia.. 448 —27 52 —88 -~ B8 -1 —32 288 —20 ~7 —3 24 7 - 36 834
Durables................c.. ol —1,458 —88 —178 —287 —287 —186 - 105 —25 687 —22 -5 78 22 —118 2,508
Vacation. . ..o..cviieienininn. 741 —43 88 —146 - 146 —8& 54 —13 33 246 -8 40 11 —860 1,147
Servants. ........coiiiiaiann ~G81 -39 i ~-128 128 ] 47 —11 -39 —10 100 35 14 —353 887
Automotive expenditure. ..., .. -3,488 —210 —408 —G87 —685 —396 — 252 —81 — 158 —83 w21 —718 a3 -~ 281 8,285
Real property.................. ~—507 - 55 106 -~ 178 -179 -108 ] —~16 ~—4() —~14 6 483 244 —73 834
Other expenditures............. —424 - 25 —49 -84 —84 48 —31 -7 —18 —8 -3 23 8 1,334 1,877

* Per capita mz was obtained from CONADE (1987 using an average family size of 3.9 according to CELADE (1967).



Giannini Foundation Monograph « Number 30 - September, 1972 51

time series on consumption of 23 food products elaborated by Nufiez (1971) for the
period 1938-1967. The data, which are the only ones presently available on con-
sumption, are constructed from production, import, export, intermediate demand,
and stock variation data. They therefore characterize consumer demand at the
wholesale level, measured in raw-product units—for example, in wheat instead of
bread.

The functional form specified for the second-stage demand equations should not
imply any kind of separability among items in a same group. For this reason and be-
cause of their empirical merits, constant elasticity equations are used. Food ex-
penditure and individual commodity quantity data are on a per capita basis. To
take into account the effect of aggregation over individuals, two additional variables
have been introduced into the demand functions: One considers the distribution of
income which is characterized by the share of wages, 2;, in the net national income,
z2; the other, the degree of urbanization measured by the proportion of rural, z4, to
total population, z.

Furthermore, the prevalence of habits in consumption is taken into account
through the specification of a Nerlovian partial adjustment scheme which results
in the introduction of the one-year lagged quantity variable in the demand func-
tions. Alternative regressions are run with and without the z and lagged quantity
variables; and from these, the best in terms of goodness of fit as judged by the
adjusted R? were retained.

The budgeting procedure has permitted reducing the number of prices entering
the demand functions from a total of n to n?%; this number, however, is still large so
that a further reduction is required in order to avoid the problem of multicolli-
nearity and an excessive loss of degrees of freedom. A workable procedure consists
of using a statistical approximation by pooling into a principal components index
the prices of all items which are not closely related to the quantity of the commodity
in a particular demand function. This index, which thus varies from equation to
equation, is then used as a numeraire.

The ordinary least-squares estimates of the second-stage demand functions are
presented in table 5.

Since expenditure shares for individual items are based on food expenditure at
the wholesale level, that is, w.r = p.,g./mp, these are transformed into budget
shares, using the National Account Statistics (United Nations), in which the aver-
age share of raw food in total consumption expenditures is given as wp = mp/m =.15
for the years 1960-1963. To calculate the two-stage price and income elasticities,
dmrp m
om  mr
to equal 0.48 with a variance of 0.04 (Sjastaad, 1966).

On the basis of these two pieces of information and of the estimated second-stage
demand functions, we can then calculate the two-stage elasticities which are pre-
sented in table 6.3 All other goods {(group NF) are assumed separable from food,

3 The subsecript F, instead of B, now denotes the budget category Food.

3 All the second-stage elasticities are long run: for the equation estimated without the
lagged quantity variable, the price and income coefficients represent directly the long-run
elasticities; for those estimated with the habit-formation variable, the elasticities are com-
puted, following Nerlove’s partial adjustment model, by dividing the price and income co-
efficients by one minus the coefficient of the lagged variable.

we also need nr = which, from the National Account data, is estimated
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ESTIMATES OF SECOND-STAGE DEMAND FUNCTIONS

2 i
C%ﬁgﬁnt (Eirrlm ik z—: rn gt R DW.
Beef Lamb Pork Fish
Beef............. 2.690 - 0.401 0.062 0.082 -0.073 0.238 0.478 0.157 0.182 0.90 1.684
(2.41) (—5.33) (0.89) (1.10) (~1.95) (1.62) {2.60) {0.68) (1.08)
Lamb... ......... 0.340 0.050 —0.244 0.002 0.134 ~{.038 -0.281 —1.253 0,87 1.78
0.30) (0.48) {(—2.4% 0.02) (2.36) (—0.19) {(—1.16} (—3.61)
Pork............. -1.512 0.235 0.168 —{.835 0.084 0.499 1,0’545 0.87 2.18
{~1.10) {1.64) {1.32) (—5.75) {0.52) {1.717y {6.08)
Fish............. 5.241 0.520 . —0.085 —-0.0%4 ~{.388 —0.298 0.464 1.086 0.82 1.00
(1.99) {2.57) (—0.48) (—0.18) (—4.76) (~0,84) 1.95) (2.01)
Milk
Mitk............. 2.619 ~0.335 0.353 0.271 --0.435 0.57 1.66
(3.72) (—3.55) (2.72) (1.76) (—2.75)
Wheat Rice
Wheat............ 1.982 -.032 0.031 0.175 0.464 0.31 2.29
(1.7 {—0.35) (0.56) (1.14) (2.52)
Rice............. -5.078 -0.521 —0.422 1.021 ~0.036 34.007 0.085 0.38 1.14
{—1.86) (~1.78) (~1.60) (2.08) {(—1.04) (0.20) (1.1%)
Potatoes
Potatoes......... 4.070 —~0.157 0.082 ~0.154 0,34 2.35
(2.69) {~2.87) (0.29) (—0.93)
Garlie Onions Toratoes
QGarlie............ -1,802 —-{.204 —0.075 0.078 1.043 ~1.064 3.019 0.362 0.85 2.06
(—0.51) (—1.8%) (—0.42) (0.50) (1.48 (—1.44) 2.73) (2.68)
Onions........... -1.183 {3,100 —0.420 0.068 0.911 -1.501 2.468 0.65 2.05
(—0.43) (~1.21) (—2.99) {0.57) o (.70 {—2.62) 4.02)
Tomatoes........ —1.976 ~0.11§ ~0.342 -~{.132 ‘ 1.391 0.409 1.708 0.79 . 2.18
{—0.85) {(~1.78) (—2.89) (—1.31) (3.11) 0.85) 3.31)
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Y
Conatant (Berig wiF = - gt ” D.W.
Grapes
Grapes........... 2.456 -0.311 0.742 -~(.804 2.133 0.67 1.97
(1.49) (~8.20) (2.15) (—2.68) (6.42)
Tangerines Apples Oranges Pears Peaches
Tangerines....... -~3.273 —0.885 0.638 0.375 —0.739 0.181 0.941 0.077 0.000 0.85 2.12
{(—2.18} (—8.85) {8.87) (3.78) {~5.00) (1.59} {2.80 3.42 (0.02)
Apples........... -, 222 -0.120 —0.445 0.445 -0.175 0.112 0.832 -{.023 —0.018 (.84 1.98
(~0.11} (~0.88) {(—4.54 (3.25) {(—0.87) {0.72} (1.42) (~0.74) {(—0.85)
Oranges.......... -~2.207 0.187 0.226 —{.758 -{.147 0.038 0.764 0.287 0.8 1.88
{—1.53) (1.50) (2.49} (—7.53) (—0.84) {0.35) {2.40 {1.92)
Pears............ -3.582 0.006 0.186 0.158 -(.817 0.328 0.989 0.453 0.76 2.34
(~1.20) {0.05) (1.47) (0.79) (~—3.19) (1.70) (1.64) (2.30)
Peaches.......... —§.876 —{).045 0.201 0.087 —0.386 —0.763 1.747 0.71 2.14
(—3.12) (~0.31) (1.94) 0.60) {1.78) {(—4.64) (3.62)
Peanuts Sunflower | Cottonseed
Peanuts........., -1.447 -1.932 1.612 -0.432 0.251 0.102 0.056 0.347 0.56 1.78
(~0.36) (~1.60) {1.43) (—0.73) (0.28) (1.34) (0.81) {1.43)
Sunflower..,..... 2.088 0.583 ~0.062 —0.096 0.142 0.508 0.40 1.85
(0.78) {1.10) {—0.13) (—0.25) 0.21) (2.83)
Cottonseed....... -~2.741 —0.694 0.350 —0.439 0.460 0.378 0.27 2.28
(—0.66) (—0.91) {0.48) (—0.71) (0.47) (1.94)
Sugar
Sugar............ 5.900 0.314 -{,161 0.404 0.69 2.14
(3.59) (3.75) (—0.80) {2.97)
Mate Coffee
Mate............. -0.702 -—~{.084 0.041 0.113 0,244 —~0.659 0.752 0.75 2.65
{—0.,68) {--0.78) (0.67) (0.59) (0.90) (—1.89) (3.78)
Coffee......,,.... ~5.180 - {3,107 -{.337 1.140 0.358 —1.010 ~{},366 0.47 2.14
(—2.00) (—0.41) (—2.14) (2.41) {0.683) {(—1.42) (—1.48)

t One yesr lagged quantity.
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TABLE 6
TWO-STAGE PRICE AND INCOME ELASTICITIES

Eret Er.NP nr W
Beef Lamb Pork Fish ’ Percent
Beef.............. — .408* 078 J101% —.082* - 064 J131% 12.39
Lamb............. 042 - 245 001 .134* .009 —.018 .41
Pork.... ... ...... 734% 396t ~1.809* .083 ~ 257 .527% 48
Fisho.............. .460 -~ 092* - 0311 —.3%0 070 - 1441 .12
Milk
Milk............. —.287* — 083 169* 2.34
Wheat Rice
Wheat............ —.029 060 - 076 .156 1.64
Rice.............. —.463* - .453* - 262 536 14
Potatoes
Potatoes.......... —.132* - 01§ .038 b2
Garlic Onions | Tomatoes
Garlie............. —.313* - 107 158 - 383 784 .08
Onions............ — 006t -~ 414* .090 - 214 .437% 14
Tomatoes, . ....... - 113* - . 339% — 098t - 326 .668* .51
Grapes
Grapes............ - .257* - 174 .356” 1.37
Tangerines | Apples Oranges Poars Peaches
Tangerines........ —.870* .655* .303* —.736* 190t — %21 .4521 1
Apples............ —.118 — .434* 457* —.172 118 - 148 .303¢% 33
Oranges........... .261% 337+ —1.006*% —.188 082 - 254 520 .38
Pears............. .027 3781 .323 —1.489* B18* 424 .8681 .08
Peaches. ... ..... —.035 .232¢ 2121 —.381% — 746 - 401 .824% .24
Peanuts | Sunflower | Cottonseed
Peanuts........... —1.952¢ 2.483% — 526 - .090 184 .28
Sunflower. .. ...... 1.178¢ -~ 115 - 102 - 067 .137 .62
Cottonseed. .. ... .. —1.103 .590 — 703 -, 173 .355 .08
Sugar
Sugar ............. .500* .063 - 130 1.02
Mate Coffee
Mate.............. —~ 334 170 -, 107 .219 21
Coffee. ... ... ..., —.068 - 238 - . 195 .401* .21

* Significant at the 80 percent confidence level.
t Significant at the 70 percent confidence level

The budget category NF has an income elasticity of 1.09 from the Engel aggrega-
tion equation. We note that, because of the low money flexibility for developing
countries such as Argentina, cross-group elasticities tend to be negative, indicating
complementarity between budget categories at low income levels.

The significance levels indicated in table 6 pertain to the calculated two-stage
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parameters. Because the corrective terms relating second-stage to two-stage price
elasticities are quite small, the significance levels of the first parameters are taken as
a lower bound to the significance levels of the second. Under the assumption that
the random terms in the expenditure and demand equations represent errors in the
maximization process of the utility function, the residuals will not be correlated
when they belong to equations that correspond to different decisions. For this
reason, the residuals in the first-stage expenditure functions are not correlated with
the residuals in the second-stage demand equations; nor are the residuals in the
second-stage equations correlated with each other when they pertain to different
budgeting categories. Hence,

Cov (np, #rr) = COV (g7, mayx) = 0.

Significance levels of the second-stage income elasticities are, hence, calculated
from the approximation

Var (n.) = 5z Var(g.z) + nor Var (gr).

Estimates of all cross-price elasticities between food produects are not available
since, in each second-stage demand equation fitted, a number of prices were col-
lapsed into a principal components index. Further assumptions on the strueture of
the utility funetion are necessary to derive them from available parameters. If the
restrictive assumption is made that subgroups within food items are block-addi-
tively separable, all eross-price elasticities could then be recuperated from equation
{79). The assumed partition of food products into separable groups is similar to the
one specified in de Janvry and Bieri (1969, p. 38).
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GLOSSARY OF SYMBOLS

n = number of items in the con- z = g-coordinate vector of exoge-
sumer’s budget nous variables affecting con-

g = n~coordinate vector of quanti- surner choices other than ecur-
ties demanded rent, prices and income

p = n-coordinate vector of prices A = Lagrange multiplier

m = disposable income or total ex- . .

. %, = n-coordinate vector of marginal

penditure

u() = thrice-differentiable utility utilities u; = dufdg:

funetion with positive marginal H =mn X n Hessian matrix of ele-
utility everywhere ments u; = §*u/dg.0¢;
o = vector of parameters H e = 7 X ¢ principal minor of H

I
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P = i-coordinate vector composed
of the 7 first coordinates of p
@ = n X n matrix of Cournot price
slopes 9q./dp;
gm = m~coordinate veetor of income
slopes d¢;/dm
A» = n~coordinate vector of elements

3)\/31)1,
Am = marginal utility of income
arjom
@.=n X s matrix of elements
9¢:/9z;
A, = s-coordinate vector of elements
ONdz;
Ugz == 1 X § matrix of elements
duifdz;
I, = n X n identity matrix
b= —gn
bo = -}\m

AB = n X n matrix of Slutsky sub-
stitution terms Aby;
E = n X n matrix of Cournot price
elasticities Ey; = (8g:/0p;) (pi/qs)
n = n~coordinate vector of income
elasticities o, = (8¢;/dm)(m/q;)
w = n-coordinate vector of budget
shares w; = p.qufm
E* = n X n matrix of Slutsky price
elasticities Ef;
E** = n X n matrix of Frisch price
elasticities E;*

D = determinant of the bordered
Hessian matrix
Dy; = cofactor of the (7, j)th element
3 of the bordered Hessian matrix
Dy, = cofactor of the (, n 4+ 1)st ele-
ment of the bordered Hessian
matrix
D, = diagonal matrix whose elements
are the arguments of the vee-
tor x
o = “flexibility of money” orincome

elasticity of A
g0 = optimizing value of ¢
»(.) = indirect utility function

E, K = subscripts used to 1ndex groups,
R K=1...,8.
Pr = price mdex of group R
@r = quantity index of group R
Jr(.) = separable subfunction of a util-
ity function
mg = expenditure on group B
we = budget share of group B, wy =
mnfm
bz = negative of income slope of ex-
penditure on group R, by =

— Omp/dm
7 = income elasticity of expendi-
ture on group B, 9 = —brfug

a. = price weights in local group
price index dPg
= weights of rates of change in
prices in local group price index
dPp
Qr: = 0¢+/02
mg = dmp/oz
br/R = -aQr/ amR
N = (8g:/dmg) (mE/qr)
WriR = prQr/’mR
a = n~coordinate vector of parame-
ters in quadratic utility fune-
tion
A = n X n negative-definite matrix
of parameters in quadratic util-
ity function
g+ = n-coordinate vector of satura-
tion levels
mx* = ‘‘bliss income”
reaching ¢*
e = n~coordinate vector of random
disturbances with moments (0,
2)
6 = variable used in the definition of
strong separability in equation
(36)
Org = variable used in the definition
of weak separability in equa-
tion (32)
TR = Eeaxbxl(l + br), see equa-
K#R

tion (71).

that permits
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GIANNINI FOUNDATION MONOGRAPH SERIES

Whatitis

The Giannini Foundation Monograph Series is comprised of technical
research reporis relating to the economics of agriculture. The series,
introduced in 1967, is published by the California Agricultural Ex-
periment Station, Similar technical economic research studies formerly
were published in Hilgardia.

Each Monograph is a separate report of research undertaken in the
California Experiment Station by staff members of the Department of
Agricultural Fconomics and the Giannini Foundation of Agricultural
Economics in the University of California, Topics covered range from
analyses of farm and processing firms to broader problems of inter-
regional resource use and public policy.

The Monographs are written in technical terms with professional
economists as the intended audience. No attempt is made to reduce the
writing to terms understandable to the layman. Each Monograph car-
ries an abstract on the inside front cover.

Monographs are published at irregular intervals as research is com.
pleted and reporied.

How to obtain copies

In general, copies will be sent free on request to individuals or organ-
izations. The limit to California residents is 20 titles; the limit to non-
residents is 10, There is no distribution through agencies or stores.

A list of available Monographs in the series is published annually
and may be obtained by writing to Agricultural Publications (address
below). The list also explains how some out-of-print issues, including
reports that formerly appeared in Hilgardia, may be obtained on micro-
film or as record prints. To obtain the Giannini Foundation Monograph
Series regularly, certain minimum qualifications must be met:

As a gift. Some libraries, educational institutions, or agricultural
experiment stations may receive Monographs as issued where there is
a definite need for the material and it will be made available to a con-
siderable number of interested economists. Address requests to Agri-
‘cultural Publications. Please give particulars.

As an exchange for similar research material, Address requests to
Librarian, Giannini Foundation of Agricultural Economics, University
of California, Berkeley, California 94720,

With the exception of communications about exchange agreements
(see above), address all correspondence concerning the Giannini
Foundation Monograph Series to:

Agricultural Publications
University of California
Berkeley, California 94720





